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Abstract

In many active systems, swimmers collectively stir the surrounding fluid to stabilize some self-
sustained vortices. The resulting nonequilibrium state is often referred to as active turbulence.
Although active turbulence clearly operates far from equilibrium, it can be challenging to pinpoint
which emergent features primarily control the deviation from an equilibrium reversible dynam-
ics. Here, we reveal that dynamical irreversibility essentially stems from singularities in the active
stress. Specifically, considering the coupled dynamics of the swimmer density and the stream func-
tion, we demonstrate that the symmetries of vortical flows around defects determine the overall
irreversibility. Our detailed analysis leads to identifying specific configurations of defect pairs as
the dominant contribution to irreversibility.

1. Introduction

In active systems, each unit extracts energy from and transfers work to its surroundings [1, 2]. The
violation of time-reversal symmetry (TRS) at the microscale yields nonequilibrium collective states; for
instance, collective directed motion [3], motility-induced phase separation (MIPS) [4], and spatiotem-
poral chaotic flows referred to as active turbulence [5]. From a top-down perspective, continuum theories
based on symmetry arguments, which are inspired by equilibrium theories [6], capture nonequilibrium
states by considering additional terms breaking TRS [7-9]. In the presence of a momentum-conserving
fluid, wet theories describe the coupling between the emergence of order, for instance nematics [10], and
the advection of large-scale flows.

Active turbulence has attracted increasing attention due to similarities with passive turbulence, such
as power-law scaling of the flow velocity fluctuations [11]. Yet, recent works have revealed that active
turbulence does not require any inertia and does not feature any energy cascade [12], in contrast with its
passive counterpart. Remarkably, various active systems can feature active turbulence: bacterial suspen-
sions [13—17], swarming sperms [18], motility assays [19-22], cell monolayers [23—-25] and suspensions
of self-propelled colloids [23-25]. A distinct attribute of active turbulence is the sustained creation and
annihilation of topological defects (TDs): these singularities correspond to disclinations in the nematic
texture which are stirred by vortical flow [10, 23, 26-28]. Effective interactions between defects can be
described as being mediated by the interplay between elastic distortions of the nematic texture and active
flows [26, 29, 30].

Quantifying TRS breakdown is a way to measure the deviation from equilibrium [31-33]. In fact,
TRS is the essential symmetry of passive dynamics [34], from which all equilibrium properties follow. In
active matter, identifying the regime of weak TRS is a route towards a perturbative analysis of nonequi-
librum features close to equilibrium [35-42]. For thermodynamically-consistent active models [9, 40, 43—
47], quantifying TRS breakdown provides access to the amount of energy dissipated into the thermostat,
which coincides with the entropy production in steady state [48, 49]. In most active models, where the
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dynamics of underlying (chemical) degrees of freedom is discarded, although measuring irreversibility
underestimates dissipation, it leads to identifying near-equilibrium regimes. To this end, one can define
an informatic entropy production rate (IEPR) by comparing the probability of forward and time-reversed
trajectories [50].

To elucidate the relation between TRS breakdown and nonequilibrium patterns, it is convenient to
introduce a local decomposition of IEPR [50]. For MIPS [4], this approach has revealed the essential
role of nonequilibrium forces in shaping the interface between dilute and dense regions [8, 37], in line
with thermodynamically consistent models [9, 45]. In a similar fashion, the decomposition of IEPR can
be examined in a broad class of active hydrodynamics theories. For instance, recent works have shown
how fluid flows can destabilize active phase separation, yielding a regime akin to active turbulence [51—
55]. In this context, it remains to explore whether the local IEPR can be related to any striking features
of the self-sustained flows.

In this paper, we examine the interplay between IEPR and TDs in a continuum model of active tur-
bulence. Inspired by previous works [51-55], our model describes the density dynamics of swimmers
immersed in a momentum-conserving fluid. Recently, In analogy with the turbulence of active nemat-
ics [12], we show that vortical flows can spontaneously form despite the absence of inertia. By analyt-
ically deriving the IEPR, we demonstrate that the dominant contribution to irreversibility stems from
vortices. We also show that the IEPR is a lower bound of the total dissipation derived from linear irre-
versible thermodynamics (LITs). Finally, we propose a mapping between the shear stress, which stirs the
fluid, and an effective nematic field. Such a mapping leads to delineating singularities in the density pro-
file which shape the surrounding vortices. In all, our results reveal how the symmetries of vertical flows,
set by TDs, determine the spatial distribution of IEPR.

The paper is structured as follows. In section 2, we start by introducing our continuum theory, and
reviewing the associated phenomenology: laminar, vortex, and turbulent states. We then show that the
zeros of density gradients correspond to nematic-like singularities, and numerically evaluate the cor-
responding defect statistics. In section 3, we explicitly relate the IEPR to the vorticity, and provide a
numerical quantification in the noiseless regime. We also find a generic relation between the IEPR and
the total dissipation. We find that in steady state the IEPR is a lower bound to the total EPR. Finally,
by computing the vorticity around defects, we examine in detail how the spatial distribution of IEPR is
determined by the symmetries of defects.

2. Turbulence in active model H

In this section, we present the dynamics of Active Model H (AMH) [51] in the absence of inertia. This
dynamics couples two fields: (i) a conserved scalar field, representing the local density of active swim-
mers, and (ii) a non-conserved scalar field corresponding to the stream function of the surrounding
fluid flow. We characterize the emergence of three main states: laminar flow, vortex array, and turbu-
lence. We discuss the spontaneous formation of TDs by analyzing the profile of density gradients.

2.1. Coupled dynamics of density and stream function
Inspired by previous works [51, 52], we start by considering the dynamics of the local density of active
swimmers ¢(r,t) coupled to the velocity v(r,t) of a momentum-conserving fluid

v Vh =V, ]:-MV%—&—\/MA(b, (1)

where M is the mobility, and T the temperature (we use units in which kg = 1). We set M =1 in the
following. The noise A is Gaussian with zero mean and correlations given by

(Np o (1) Ay g (r' 1) =0bapd(r—1")o(t—1"). (2)
We take for the free-energy functional F a form analogous to a Landau—Ginzburg expansion:
K a b
Flol= [ (507 +50)]dr. gle)= 50+ 76", ®
where (k,a,b) are parameters. A phase separation emerges for a <0 and b,k >0 [7, 56, 57]. The dens-
ity dynamics in equation (1) must be supplemented with the Navier-Stokes equation for the velocity

dynamics:

p (0o +v30pve) = NVve — Oap + Op (EZ/B + Egﬁ + 2777'[‘&5) , (4)

2



10P Publishing

New J. Phys. 28 (2026) 034601 B N Radhakrishnan et al

where p is the fluid’s density, p(r,t) the pressure field, and 7 the fluid’s viscosity. Summation over
repeated indices is assumed throughout the paper. The fluid’s density obeys the continuity equation
O+ 03(pvg) = 0. Here, I, is a Gaussian noise field with zero mean and correlations given by [58]

(Tap () Dy (r',t")) = (Sandpy + dardpu) 0 (r—r") o (t—1t"). (5)

The passive and active contributions to the deviatoric stress, respectively %7 ; and ¥ 5, read

St =+ |(@a0)@30) ~ 51V6P00s . S5 =~ |(00) @30) - 3V0s] . (©)

where ( is the activity parameter [51]. In passive systems, the expression of X2 5 can be derived from
the free-energy functional F[¢] [59]. To the lowest order in powers of ¢ and its gradient, the term
Da0pd — 3|V P|*0ap is the only traceless symmetric tensor that can be constructed, so that we assume
that ¥4 5 must be proportional to it. The sign of ¢ distinguishes the cases of contractile (¢ <0) and
extensile (¢ > 0) swimmers. The active stress is the only source of activity in the dynamics. Beyond fluid-
like systems, recently it was proposed that the active stress of AMH could play a role in active tissues
by mediating the coupling between a scalar concentration of proteins and the mechanical stresses in the
tissue [60-62].

In the following, we assume that the system is overdamped, and neglect the inertial term in
equation (4). The fluid’s density decouples from the other fields. We further assume that the fluid is
incompressible and we neglect inertial forces, yielding the Stokes equation:

1VVe = Oap— 03 (Shs+ Shs + V20T Tag), Vov=0, (7)
where
fla=085304 (8)

is the active force and f,, = 95(%F, st x4 5) is the total force. To eliminate the pressure contribution in
equation (7), we define the stream function v (r,t) as

Ve = y¢7 Vy = — NUB 9)

or, Vo = €0303% (Where €43 = —€34, €x, = +1 is the Levi-Civita symbol in 2 dimensions). By taking the
curl of equation (7) and using equation (9), the Stokes equation reduces to

NV = (k+0) [(0:0) V? (9,0) — (9y0) V2 (8:0)] — V21T VA, (10)
where Ay is a scalar Gaussian noise with zero mean and correlations given by (appendix A)
(Ay (r) Ay (r',t)) =0 (r—r")o(t—t'). (11)

In equation (10), the vorticity w = —V?4) is sourced by a combination of passive and active stresses. The
latter stir the system out of equilibrium and can generate spatiotemporal chaotic flow [51]. In what fol-
lows, we analyze the field dynamics of AMH as governed by equations (1) and (10).

2.2. Laminar, vortex and turbulent states
We numerically simulate AMH (equations (1) and (10)) with the integration scheme detailed in
appendix B. The parameters are fixed to —a=>b=0.1, Kk =0.1, and n=1.67, and we vary the activity
parameter ¢ < 0, namely, considering contractile activity. The extensile case ({ > 0) does not have turbu-
lent phases, so it is not relevant for our study which focuses on the turbulent, defect-rich phase.

For small activity ¢, we report a full phase separation of the density ¢ between dilute (¢ = —1)
and dense (¢ = 1); the stream function 1 forms either a laminar state (figure 1(a)) or a vortex state
(figure 1(b)). The profiles of (¢,1)) have a wavelength of the order to the system size, L. The flow speed
increases with ¢, particularly between domains of ¢ where the flow is concentrated, which leads to
destabilizing the laminar flow and favors patterns made of vortices. At even larger (, the vortex pattern
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Figure 1. For Active Model H (equations (1) and (10)), the swimmer density ¢ (top) and the scaled stream function 1/; = ﬁinw

(= —0.103 ¢ =—0.1035

(bottom) feature three possible steady states for different levels of activity ¢: (a) laminar flow, (b) vortex, and (c) spatio-temporal
chaos (referred to as the turbulent state). The black lines with arrows show the velocity field lines. Parameters —a = b = 0.1,

£ =0.1, and n = 1.67. (d) Velocity spectrum S(q) (equation (16)) as a function of wavenumber g (scaled by the largest system
size) for ( = —1.1.

becomes unstable, and the system enters a self-sustained dynamical steady state (figure 1(c)), analog-
ous to active turbulence [51, 52]. In the turbulent state, we measure the velocity spectrum S(gq) defined
by [12]

() = / g{lve?) dg = / S(q) dg. (12)

where q = |q|, and v, is the spatial Fourier transform of v(r). We observe that S(q) decays monotonically
with g (figure 1(d)). For AMH with inertia, the scaling S(q) ~ g~7/> has been reported in the turbu-
lent regime [54]. Here, we cannot infer any specific power-law scalings from our simulations. Numerical
measurements for a broader span of g might reveal such scalings. We defer this analysis to future work.

2.3. Topological defects
The turbulent state is associated with the sustained creation and annihilation of TDs. We discuss below
how these defects can be detected and analyzed as singularities in the profile of the active stress X2 P
(equation (6)).

We construct from ¥4 5 a symmetric traceless tensor Qup = —ixa 5 analogous to the nematic order
parameter of liquid crystals in 2 dimensions [63]:

_(Qu  Qu
Q= <Q12 —Qu) ’ "
where
Qu = _% {(3»:@25)2 - (3y¢)2} , Qu=—(0x¢)(9,9). (14

Our interpretation of active stress as a nematic field differs from [10], where the nematic field was
instead associated with a deformation tensor. We interpret the orientation of the principal axes of Q

in analogy with a nematic director. The principal axes are obtained from the eigenvectors v of Q by
identifying v4 ~ —vy (appendix C). This identification defines a local orientation, which we interpret as
the analog of a nematic director field:

1 Oy9
0x’

The angle 6y represents the orientation of the principal axes of stress if we identify 6y ~ 0y + 7. In fact,
we deduce from equation (15) that Oy coincides locally with the direction 6 of V¢. Importantly, while
6 winds from 0 to 27 (e.g. V¢ and —V ¢ are distinct vectors), the nematic-like orientation is defined
modulo 7, since v; and —v represent the same orientation. Therefore, the singularities of the nematic
tensor Q, namely TDs where 0y is undefined, are located at the critical points of the field ¢, namely
where |V¢| =0 (figure 2). The orientation 6y winds by multiples of 7 around the point-singularities of

Q, so the topological charge is quantized in half-integer multiples: 5- gﬁy Von-de =3, (s=+1,£2,...)

v = [(0:0)/ (0,0) ,1] = |v4|[cosby,sinfy], Oy=tan~ (15)

4
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Figure 2. (a) Density field ¢ in the turbulent state (( = —0.16). The markers indicate the locations of +% (green circles) and
—% (red triangles) topological defects. Panels (b), (c): zoomed—in view of the four squares marked in panel (a): comparison
between the location of the defects, the nematic director field (black lines) along with (b) the density gradient |[V¢| and (c) the
local curvature H. (d) Density of defects pp = (Np)/L?, where (Np) is the defect number averaged over time and realizations,
and (e) defect lifetime 7p, defined as the average time between pair creation and annihilation, as functions of the activity para-
meter (. Parameters —a =b = 0.1, K =0.1,and n = 1.67.

for every loop 7 enclosing a defect. This connection provides a convenient description to identify and
track TDs. In appendix C, we show that the amplitude S of the Q—tensor reads

1
$=1/Qh +Qh =5[Vel (16)

which vanishes at the critical points of ¢, namely at the center of the TDs, as expected. In active nemat-
ics, the core radius is the typical length scale in which S varies from 1 to 0; however, here S is not an
order parameter field. The core is set by the typical spatial variation of |V¢| around the critical points of
¢, see for instance figure 2(b). We refer the reader to appendix F for further discussion on the core size.

In numerical simulations, we compare the orientation of the nematic field Q and that of V¢
(figures 2(a) and (b)). The locations of TDs, with charge i%, indeed coincide with the zeros of V¢. In
fact, —|—% defects are typically located close to interfaces between dense and dilute phases, whereas —%
defects are immersed in the bulk phases. It is insightful to interpret the field ¢(x,y) as the height of
a topographic surface in the Monge parametrization: this interpretation provides a direct correspond-
ence between the location defects (where V¢ vanishes) and the local curvature H associated with ¢
(appendix C). In fact, the —l—% defects are located at the maxima and minima of curvature, whereas —%
defects are located at the saddle points where H =0 (figure 2(c)). Evaluating the density pp (figure 2(d))
and lifetime 7, (figure 2(e)) of defects, we find that pp increase monotonically and reaches a plateau at
large ¢, whereas 7p decreases monotonically. These measurements support the fact that the reduced life-
time stems from the increase in defect motility at high activity.

In short, the analogy between shear stress and nematic tensor means that singularities in the stress
profile must have 1 charges. Moreover, such defects can actually be detected simply by analyzing the
profile of swimmer density ¢, without any information on the surrounding flow. In what follows, to
analyze the turbulent phase of AMH, we use three equivalent levels of description: (i) the density of
microswimmers measured by the scalar field ¢ (figure 2(a)), (ii) the stresses (passive and active) rep-
resented by the nematic order parameter Q (equation (13) and figure 3(a)), and (iii) the forces (passive
and active, see equation (8)) which are proportional to V - Q (figure 3(b)). The forces are the sources of
the active flows (equation (7)) which stir the TDs.

5
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Figure 3. (a) Nematic order parameter QQ (equations (13) and (14)) extracted from the density field ¢ in figure 2(a). The black
lines correspond to the director field representing the nematic orientation 6y (equation (15)). The blue colorscale corresponds to
the amplitude S of Q (equation (16)) that is maximal at interfaces between dense and dilute regions (figure 2(a)). (b) Total force
field is proportional to V - Q (equation (8)). The gray colorscale corresponds to the amplitude of the total force that is localized
at the interfaces. The colored arrows refer to the orientation of the force vectors, see inset.

3. Quantifying irreversibility from vorticity and TDs

In this section, we propose a quantification of TRS, called IEPR, and study its features in the turbulent
state. We provide a local measure of IEPR and examine its relations with TDs. We successfully compare
our predictions for the local IEPR with simulations in the vicinity of defects.

3.1. IEPR as a measure of irreversibility
Following standard tools of stochastic thermodynamics [31, 48, 50], the IEPR S is defined as

S = lim lln P({]’w}O)

SR oA =Y 17
= R 0,) "

where P({J,%}]) is the probability of a given trajectory within the time interval 0 < # < 7, and
PR({J,1}F) the probability of its time-reversed image. In general, the IEPR depends on the strength of
fluctuations. In what follows, we focus on the regime of vanishing noise (T'— 0) which gives insight into
how deterministic dynamical patterns contribute to irreversibility [8, 36]. Using field theoretical meth-
ods [64—66], we calculate the dominant contribution to IEPR in steady state (appendix D):

: . . n¢ o
TS= | 6(r)dr, o(r)= w) =0, 18
[oan aw= o) (18)
where w = —V?4) is the local vorticity, and (-) is an average over time and realizations (under the

assumption of ergodicity). Therefore, the IEPR is proportional to the enstrophy [(w?)dr [67], and we
have defined the local density of IEPR &(r). The IEPR vanishes at zero activity (¢ =0), as expected: since
activity is the only source of stirring in this system, removing it stops all vortical motions. Note that
the regime of zero viscosity is a singular limit, since the assumption of negligible inertia underlying the
Stokes equation (equation (7)) breaks down.

The local IEPR can also be written in terms of the curl of the velocity field, since w? = (V x v)*:

5 (1) = AV x0) = (7)), 19)

The non-negativity of the local IEPR & (r) may not be immediately obvious from equation (18). For
—k < ¢ <0, although the term (/(k 4+ () is negative, the steady state is fully phase-separated state
without any flow, so &(r) vanishes. Note that ¢ is invariant with respect to a gauge transformation

1) — 1+ ¢ for an arbitrary constant ¢, as required by gauge invariance. In the laminar state S = 0, since
there is no vorticity (V21 = 0), whereas in the vortex state S does not vanish. In the turbulent state,

S first increases rapidly with ¢, and then saturates at large . This observation is robust to variation in

(b,n) (figure 4).
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Figure 4. Informatic entropy production rate (IEPR) (equation (18)) in steady state as a function of activity ¢, when changing
(a) the cost at density gradients &, (b) the nonlinear free-energy coefficient b, and (c) the viscosity 7). Same parameters as in
figure 1.

In short, equation (18) shows that the local IEPR can be extracted from local measurements of the
flow field (namely, either v, w or 1), and that the symmetries of the flow field determine the distribu-
tion of IEPR in space. Specifically, the regions of high vorticity w are associated with high IEPR &. This
relation is relevant for estimating the local irreversibility of scalar active matter in experiments where the
local flow can be inferred by visual techniques, such as PIV methods [16, 68].

3.2. Linear irreversible thermodynamics

Some active field theories are postulated from symmetry arguments without any energetic argu-

ments [69], while others are based on the definition of the total dissipation [1, 70]. In many hydro-
dynamic theories, the dissipation can be written in terms of the products of some thermodynamic forces
and currents; LIT enforces linear relations between these forces and currents [71]. To account for the
continuous energy injection fueling activity in AMH, we must add to (¢,v) the dynamics of some
reactant fields #. Inspired by [9], we demonstrate how to embed the dynamics of AMH (equations (1)
and (10)) in the extended field space (¢,1),n) within the framework of LIT [71]. Such an embedding
provides a route to relating the IEPR (equation (17)) with the total dissipation.

By analogy with active gel theories [70], we assume that our system is in contact with some reser-
voirs of product and reactant molecules at a fixed chemical potential difference Ap. Molecules undergo
chemical reactions at a constant rate r, and such reactions generate nonequilibrium mechanical forces
that sustain the activity of swimmers. Therefore, to leading order, we assume that the activity parameter
¢ (equation (6)) is proportional to Ay, so we express the active stress ¥4 5 as follows:

At small Reynolds number, we write down the Stokes equation (equation (7)) as
dsBgh =0, (21)
where
Yap = 2nVas + ZZ’E‘” — Apigﬁ,
P,
Eag)t — Zl;ﬁ —P(Saﬂ, (22)
2Wapg = aan + 8ﬁva,

where v,z is the strain rate tensor, and Ei’mt includes the pressure p. We then rewrite the noiseless
dynamics of AMH (equations (1) and (21)) in terms of the following thermodynamic forces X and
currents J:

5~F tot P,tot T T
X: _804%7204,3_20;,8 aA:U“ ) J:(]omvaﬁ7r) ) (23)

that are linearly related through the Onsager matrix L:

M 0 0
J=L-X, L=1[0 (277)11 2n)~'24, . (24)
0 (2n)”" X5 Cr
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In writing equation (24), we have introduced the kinetic coefficient ¢,, and we have used that . must be
symmetric for dissipative fluxes and forces [66]. The stability of the dynamics enforces that L is positive
semi-definite [71], which provides an explicit constraint on ¢, as

M 1 s <

As a result, embedding AMH (equations (1) and (21)) into the extended field space (¢,1,n) within LIT
(equation (24)) amounts to w~riting the local chemical rate r as a linear combination of the fluid’s velo-
city v and the auxiliary field ¥4 Pt

3 A~ ~
r=cAu+ va,gEgﬂ — TZABEQB’ (26)

where we have used equation (24). Note that since the active stress is proportional to Ay and the latter
is constant in space and time, the original AMH dynamics for the swimmer concentration ¢ and the
stream function ¢ remains unchanged.

The rate of energy dissipated by the system can be written as ([71], appendix E)

TStot = /(J : X) dr= *g + / (rAu) dr>0. (27)

dt
Such a linear relation between dissipation, forces, and fluxes holds even in the presence of fluctu-
ations [9]. The term —dF/dt in equation (27) accounts for the transient relaxation (and vanishes in
steady state), whereas the term rAp describes how the profiles (¢,1)) affect dissipation. For homogen-
eous profiles (namely, when Eg 5 =0), the IEPR S vanishes (equation (18)), whereas substituting the

definition of r (equation (26)) into equation (27) yields a positive dissipation rate Siot ~ cAp?. In other
words, even in the absence of any patterns in (¢,1)), there is a positive dissipation due to the underlying
chemical reactions.

For arbitrary profiles (¢,1), substituting the definition of r (equation (26)) into equation (27), we
identify two contributions to the steady-state dissipation TStE,Sf):

s (2n)tAp?
8§ = WT“ / (detL) dr — / Vas S ydr. (28)

We demonstrate in appendix E that the second term in equation (28) coincides with the IEPR TS
(equation (18)). In conclusion, Séff’ can be expressed in terms of S as

5 (ss 2 4A 2 5
S = (”1)\4771“ / (detL)dr + S. (29)

Therefore, equation (29) provides an explicit relation between the IEPR of AMH and the steady-state
dissipation in the extended hydrodynamic theory. Combining equations (25) and (29), we deduce that
the IEPR gives a lower bound on the total dissipation:

S =8>0. (30)

Defining the chemical concentration #n in terms of the chemical rate r = Oyn, the total dissipation TSt
measures the irreversibility of the trajectories (¢,,n) [9]. In contrast, S only accounts for the irre-
versibility of (¢,), so it provides only a partial estimation of the total dissipation. In short, the bound
in equation (30) illustrates how irreversibility decreases when considering a reduced set of dynamical
fields [72].

3.3. Local measurement of irreversibility: the role of TDs

In the turbulent state, the local IEPR & fluctuates in the form of sharply localized regions that con-
tinuously appear and disappear in time; we refer the reader to the supplementary video. We report

in figure 5(a) a typical instantaneous configuration, where the field ¢ is directly evaluated from
(equation (19)), showing that & is typically larger at interfaces (between small- and large-¢ regions)
than in the bulks, and also higher in regions of large vorticity. We observe two necessary conditions for
regions of high IEPR to emerge: (i) the interfaces form S-shaped meandering curves, and (ii) the curved
interfaces enclose pairs of —i—% TDs which are oriented perpendicular to the line connecting them (red
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Isolated defects Defect pairs
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(Ii Cf') (7( )
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(a) n(k+¢) () Simulation Analytical
CB

Figure 5. (a) Spatial distribution of the local IEPR & (equation (19)) extracted from the same turbulent state as in figures 1(c)
and 2(a). The white dashed lines represent the phase boundary ¢ = 0. The green dots and red triangles respectively refer to —l—%

and —% topological defects. (b), (c) Analytic predictions of & around isolated topological defects (equation (32)) of charge +%
(panel (b)) and —% (panel (c)). White lines refer to the nematic orientation. (d)—(g) Comparison between simulations and ana-

Iytical predictions for defect pairs. A pair with charges (+ % ,+13) (d), (¢) and a pair with charges ( % ,—1) (f), (g) marked
respectively with red and green circles in panel (a). We numerically evaluate the relative angle ® and the distance d between
defects (section 3.3.2). White lines refer to the nematic orientation.

circle in figures 5(a), (d) and (e)). In general, other configurations of paired TDs can produce a high
IEPR locally: in a pair of +3 and —3 TDs, & is locally higher close to the +3 defect (figure 5(f)).

In what follows, we provide analytical predictions that reproduce the IEPR profiles observed in the
simulations, and argue that such profiles can be rationalized in terms of the symmetries of the TDs in
the nematic field Q (equation (13)). To this end, we examine idealized TDs by considering either isolated
TDs of charge +1 and —1 (section 3.3.1), or pairs of TDs obtained by superposing the orientation fields
of two isolated defects (section 3.3.2).

3.3.1. Isolated defects
We predict analytically the intensity and the spatial symmetries of the local IEPR ¢ around isolated
defects using equation (19). The flow field around isolated defects can be found analytically by assuming
that (i) the amplitude of the nematic Q—tensor is constant, and (ii) the density field ¢, which determ-
ines the local stress (equation (6)), relaxes faster than the stream function v, which determines the local
flow. The stream function 1) associated with the flow field v of an isolated defect was derived in [73].
Using polar coordinates r = (r,) centered at the defect core, the solution can be written as ¢ = v + 1y,
where

7 ¢ n ¢

Do (1) = 3o rBR=2sing, Dy (1) = s

r* (5r — 8R)sin 3, (31)

1
2

and the term 1)y = (a;r+ b;r*)sin is a solution to the homogeneous the Stokes equation, with (a;,b,)
being fixed by the boundary conditions. Following [73], we assume that there is a disc of radius R
centered at the isolated defect which does not contain other defects. We impose vanishing radial flux
through the disc’s boundary (v,(R, ) = 0), and force-balance tangentially to the boundary: v, (R, ) =
—£ Efw where £ ~ nh and h is the thickness of the boundary layer between neighboring defects [73]. The
full solution then reads

_ SR my, 1, LR m -
¢+§(r)2n[2(3+§>r 3r2+2<3 é)rﬂsmgp, (32a)

¢ (2P (154 ER) — rR? (ER + 30n) + 4ERY)
2 60¢ R*

sin (3p). (32b)

Substituting the profiles equation (32) into the expression of the local IEPR (equation (18)), we
deduce

Too ()= —S5 {1 + (” - 1) T]zsmz (33a)
*i n(C+r) |4 R¢ 3)R v

9
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. ¢ N noo1\ [\ .
Ta_% (r) = m {6 —4 <R§+15> (E) } sin’ (3p). (33b)

The spatial symmetries of the stream function are reflected in the profile of the IEPR (figures 5(b)
and (c)). Our prediction of & (equation (33)) assume no-slip boundary conditions, and is qualitatively
independent of the choice of boundary conditions close to the defect core (i.e. far from the boundary
layer). A different choice would only change our prediction quantitatively while preserving the angu-
lar symmetries [73]. In appendix F, we demonstrate the existence of an inner region (r < r¢) where the
IEPR is insensitive to the boundary conditions for all isolated +1 defects.

In short, the local IEPR around isolated defects is spatially inhomogeneous, with symmetries stem-
ming from the vorticity of the backflow around defects: for the +1 defect, it is mirror-symmetric across
the direction of the polarization; for the —1 defect, it features a six-fold rotational symmetry. The prox-
imity of defects of opposite charges induces perturbations of these profiles. Generally, perturbations of
the IEPR profile are more pronounced for —1 defects. In typical configurations (figure 5(a)), there are
no rigorously isolated defects due to the highly correlated distortions of the interfaces across the sample.

The assumption of a constant amplitude of the Q—tensor that underlies our derivation leads to
quantitative differences between the analytic and the simulated profiles. In simulations, the active force
Ao ox 08Qap (equation (8)) around :i:% defects is localized along the interfaces of ¢, and vanishes at
the center of the defects, whereas it is maximal at the center in our analytic solution. The analysis and
justification of these discrepancies are deferred to appendix G.

3.3.2. Defect pairs

To predict the profiles of the local IEPR & around defect pairs, we construct the director field Oy(r) by
superposing the textures of isolated defects. For a pair of defects with charges (q1,42), the configura-
tion is described by two parameters: the separation d between the defect cores, and the relative angle ®
between the defect orientations. The orientation of the nematic director field (equation (13)) reads

ycos® + (x+d/2)sin® Y
0 = ' !
v (x,y) = ) arctan ( (et d/2)cos® —ysind + gy arctan = d2 (34)

We assume that the scale of the defect cores is small compared to the typical variations of the IEPR
profile, and that the amplitude S = /Qf, + Qf, is constant outside the defect cores, so that the vari-
ations of QQ are entirely determined by the orientation fy. The velocity field v associated with the back-
flow of the defect pair follows by solving the Stokes equation (equation (7)) by using a Green function:
Va(r) = [d*r'Gap(r—r')f3(r') where f is the force acting on the fluid. Using f3 = 0,33, we can write:

Vo (r) = (/<;+C)/d2r’Gaﬁ (r—1")0,Qpy (r'), (35)
where the Oseen tensor G in two dimensions reads [74]:
1 L TalB
o =—|(log— —1])d, )
Gag (1) ppen Kogr )5 s+ 2 } (36)

The parameter £ = R/y/e is relevant for no-slip boundary conditions. Note that the divergence of G,z
as r — 0 is consistent with the breakdown of a continuum description near the defects’ core.

Finally, the local IEPR follows from substituting the solution for the flow (equation (35)) into
equation (18). Below, we examine three cases at a fixed distance (d = R/2) when changing the orienta-
tion ®. The orientation of the anisotropic —i—% defects is described by the polarization vector defined as
Pa = —08Qap(r=r4), where Q is the nematic field (equation (13)) and r4 is the position of the defect
core [30]. For all profiles, the local vorticity changes as w — —w under the transformation ® — ® 4 7;
given that ¢ is quadratic in w (equation (18)), it is invariant under such a transformation, so we con-
sider only the range 0 < & < 7/2.

Let us start with a pair of +% defects (figure 6(a)). At & = 0, the defects have collinear and opposite
polarizations that are parallel to the segment that connects the cores; the vortices around each defect
interfere negatively, yielding low &. At ® = 7/2, the polarizations are opposite and perpendicular to
the connecting segment; the vortices around each defect coalesce into a large vortex, yielding a high &.
In contrast, a —% pair does not yield large ¢ as we rotate defects (figure 6(b)), since vortices do not
coalesce as for a —&-% pair. For a (—l—%, —%) pair (figure 6(c)), & is highest at ® = 7r/2 as the left vortex of
the +1 does not interfere negatively with the vortices of the —1 defect. In short, the vortices generated

10
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Figure 6. Analytical prediction for the local IEPR & (equation (18)): (a) a pair of +% defects, (b) a pair of f% defects, and (c) a
pair of —i—% and —% defects. The defects are at a fixed distance d within a disc of radius R, and the angle of orientation changes

from ® = 0to & = 7/2. The first panel in each row shows the schematic of the configuration. For all panels, the color bars are
normalized by the maximum value dmax attained for a pair of +% defects within the disc.

by the total force regulate the localization of IEPR. Since the total force is localized along the interfaces
between regions of small and large ¢ (figure 3(b)), it follows that & is also highest at interfaces.

We compare our analytical predictions with some defect pairs spontaneously formed in the turbulent
state. For a +3 pair where (d,®) ~ (0.45R,0.457) (figure 5(e)), & is higher between defects, in agree-
ment with our predictions (figure 6(a)). For a (+3,—1) pair where (d,®) ~ (0.49R,0.957) (figure 5(g)),
& is higher close to the +1 defect, and symmetric with respect to its polarization orientation, in agree-
ment with our predictions (figure 6(c)). In both cases, we attribute the slight quantitative deviations to
the spatial asymmetries in the numerical solution of the nematic field.

Finally, we consider a symmetric configuration of a (+3,—1) pair (figure 7(a)), and examine the
effect of parametrically varying the separation distance d at a fixed orientation ® = 0. For each value of
d, we introduce the integrated IEPR as

Sp = / o (r) d*r, (37)
Drg

where Dy is the disc of radius R centered at the mid-point between defect cores. We observe that Sk
increases monotonically with d: it vanishes at d =0, and approaches the sum of contributions from isol-
ated defects as d increases, as expected (figure 7(b)). In the turbulent state, the fluid is continuously
stirred by the creation and annihilation of (+3,—3) [26]. It is tempting to interpret our symmetric con-
figurations (figure 7(a)) as a time-series of snapshots during such a creation (namely, for increasing d)
and annihilation (namely, for decreasing d). Our results suggest that the IEPR increases/decreases mono-
tonically when two defects are brought further/closer infinitely slowly.
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Figure 7. Analytical prediction for the local IEPR & (equation (18)) as a function of the distance d between defects within a disc
of radius R. (a) Series of snapshots of & for various values of d. The colorbars are normalized by the maximum &y attained

within the disc. (b) The integrated IEPR SR (equation (37)) as a function of d/R. The blue dashed line is the sum of the IEPR for
the isolated +% and —% defects in a disc of the same radius R.

4. Discussion

We have examined the relation between the spatial distribution of the IEPR [50] and the location of
TDs [26] in active turbulence [5]. Based on a minimal hydrodynamic theory, coupling the density of
swimmers and the stream function of the surrounding fluid, we have performed numerical simulations
and studied the self-sustained flows that emerge spontaneously despite the absence of inertia. Chaotic
(turbulent) flows emerging in active model H were reported in [51]. In this work, we observed two
novel flow states in active model H, which we called the laminar and vortex states. This result extends
the portfolio of inertia-less turbulence to active model H [51], which goes beyond the well-studied case
of active nematics [12].

Using the formalism of stochastic thermodynamics [31, 48, 50], we demonstrate that the dominant
contribution to IEPR is generically located in regions of high vorticity. This contribution is due to the
coupling between the momentum-conserving fluid (governed by the Stokes equation) and the density of
swimmers through active stress. Moreover, using TDs, we have shown that the IEPR represents only a
partial estimation of the total dissipation rate. To analyze in detail the spatial profile of IEPR, we build
a mapping between the shear stress, which stirs the fluid, and an effective nematic field, by analogy with
liquid crystals [12]. Our mapping leads to identifying some &1 defects, with symmetries analogous to
that of nematics, defined as locations where the gradient of the swimmer density vanishes. Similarly
to active nematics, TDs stir the flow and shape the spatial structure of vortices. Here, we have shown
that, remarkably, the vortices near pairs of TDs indicate the dominant contribution to irreversibility.
Therefore, our mapping reveals a direct relation between TDs and IEPR.

We provide analytical derivations for the profile of IEPR around —l—% and —% defects. Our results
predict that the dominant contribution to IEPR stems from configurations where nearby +1 defects
are oriented orthogonally to each other, in direct agreement with numerical simulations. Moreover, we
examine the dependence of IEPR on the distance between (+1,—1) pairs, as a first step towards quan-
tifying IEPR during the creation/annihilation of such pairs (a detailed analysis requires resolving the
TDs dynamics during creation/annihilation) [75]. We show that the main features of the local IEPR can
be predicted analytically by considering point-like idealized TDs, both isolated and paired. Taking into
account a finite core size for TDs, we can even predict the finer details of the local IEPR. These results
open some unprecedented perspectives for quantifying irreversibility in experimental realizations of act-
ive turbulence. Moreover, the strong localization of IEPR in small regions centered around the point-
like TDs indicates that the total IEPR across the system may be estimated by a discrete number of local
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measurements. It would be interesting to explore further whether the fluctuations of IEPR are also con-
strained by the TDs statistics [76].

Recently, some protocols have been proposed to control the dynamics of flows and defects in act-
ive nematics [77, 78] in line with experiments [79, 80]. From a broader perspective, different control
strategies have been put forward to stabilize patterns in various active systems [81-83]. To this end, an
important challenge is to identify the relevant degrees of freedom which determine the emerging dynam-
ical patterns. By analyzing how the defect statistics affects the IEPR, we provide the first step towards
building protocols which drive the dynamics towards target states at a minimal cost. Our results motiv-
ate the search for generic control principles: how local perturbation can result in optimally controlling
the dynamics of complex systems [84].
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Appendix A. Stochastic dynamics of the stream function

To derive the stochastic dynamics of the stream function (equation (10)), we apply the curl operator to
the Stokes equation (equation (7)). The term that contains the gradient of pressure vanishes:

V x (Vp)=0, (A.1)
and the viscous term gives
V x (nV?v) = —nV*y, (A.2)

where Vx is the curl in 2 dimensions and we have used the fact that curl and Laplacian operators com-
mute, and 0, v, — Ocv, = V24 by definition of the stream function (equation (9)). Defining the force f as

fo =05 (Shs+E05) = ((+5) [(5a,8/2)6,6‘ (04,0)" — 05 (3a¢53¢)] , (A.3)

where we have used the definitions of X 5 and Eg 5 (equation (6)), we get

X 1 2
L a0~ @] -3 0.0 (09)]. "
1 .
,.;fi 7 = 3% (00 = (30)°] -1 [0.0) (9,9)).
from which we deduce
050t )0 (5) o 0]
(A.5)

+(9,0) [0 (92:0) + 33 (8:0) =20 (330 |
= (&c‘b) Vz (8y¢) - (6y¢) \% (&c(b) .

Applying the curl operator €40, to the noise term dgl'yg, where € is the Levi—Civita matrix (ex, =
—€,x = 1), the noise term = = eaaﬁé/ /3Fa5 has Gaussian statistics with zero mean and correlation
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Figure B1. (a) EPR is plotted as a function of activity for various spatial discretizations A by fixing L. (b) Variation of EPR with
spatial discretizations. The inset plot shows EPR per lattice cell. (c) Plot is same as (a) but by changing L with fixed A.

given by

02 )) = caruns (oo + 8a3) 08 (1= 1) 31— 1)
Yo(r—r)o(t—1") (A.6)

= (eaafeaulailulvz + eaafewfai

=V (r—r)s(t—1t),

ol pp’

where we used the identities €qna€ap’ = 0o’y and €aa’€up’ = apda’y’ — daa’Opuu’. Therefore, combin-
ing equations (A.1)—(A.6), we deduce the stream function’s dynamics in equation (10).

Appendix B. Numerical methods

To integrate the hydrodynamic equations (equations (1) and (10)), we use a pseudo-spectral numerical
scheme. The simulations are performed in a square lattice of size L x L, and the space is discretized as
L = NA. The grid spacing A is kept constant while varying the N to change the system size. The initial
condition for ¢ is sampled from randomly in [—0.1,0.1], and ¥ is set to zero.

At each time step, the numerical scheme computes the Fourier transform of density F[¢p(r,1)] = ¢4(1)
and deduces )4 as

1q' g = (k+ Q) F[(0:0) V2 (0,6) — (0,0) VZ (0:0)] + v/ 20Tq* Ay, (B.1)

where we have used equation (10). We choose a numerical cut-off on wavenumbers (g > 10~%) to avoid
any divergence at the g =0 mode. Aliasing of the Fourier components is prevented by implementing the
2/3 rule [85]. Next, we compute the velocity in real space (equation (9)) from

Vy = F! [iq},z/)q] , W= F~! [—iqxz/)q} (B.2)
and the density dynamics (equation (1)) follows in Fourier space as
¢q=—F[v- V| — aMq’ ¢, + bF [V*¢’] — kq*dq — iV2MTq- Ay, (B.3)

In each simulation, the system is allowed to relax and reach a steady state before taking any measure-
ments. To probe finite-size effects, we evaluate the IEPR (equation (18)) for various values of the spacial
discretization and the size of the system, showing that our measurements scale like N2, where N is the
number of lattice points, as expected (figure B1).

Appendix C. Nematic director and mean curvature

In this appendix, we summarize the relation between symmetric traceless tensors in 2 dimensions, its
principal axes, and the nematic director [63]. Let us consider the most general traceless symmetric
tensor Q3 in 2 dimensions:

_ (Qu  Qn
Qup _<Q12 —Q11~) (C1)

We interpret Q as the order parameter of a nematic field, whose orientation is Ox(r,¢) at every point in
space.
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C.1. Nematic director
The eigenvalues and eigenvectors of Q (equation (C.1)) read

2 2
o= 4/Qh Qv (Q“ = Q?z“ +Q“,1> : (C.2)

The eigenspace of Qup is defined up to a multiplication of v by an arbitrary scalar s. We are interested
in the direction of the eigenvectors, so we construct the projective space associated with the eigenspace
of Qup by identifying v4 ~ svi for any real s. The eigenvectors are orthogonal, so it is sufficient to con-
sider the direction of one of them, say v, (the direction of v_ is orthogonal to it). In polar form, we
get vy = |vy|(cosBy,sinfy), where the angle 0y can be deduced from equation (C.2):

(v4), Qn

(V4 ), - Qi + \/m

Equation (C.3) can be used to compute ¢y if the components Q. are known. Using the trigonometric
identity

(C.3)

tanfy =

2tan Oy
tan29N = m, (C4)
we find
1.1 Qn
Oy = —tan ! ==, C.5
N=3 o (C.5)
yielding
B 1 tan26y\  Qu  [cos20y  sin26y
Qap = Qu (tanZGN -1 ) T cos26y (sin20N —cos20y. (C.6)

Note that the relation Q;, = Qi tan20y implies Q% + Q%, = Q1 (1 + tan?20y) = (Qy;/ cos20y)>. The
final expression of the nematic tensor is therefore

. ) 5 [cos20y  sin20y
Qaﬁ_m(sinzﬁl\r —cos20y )’ (C7)

so S=4/Q?%, + Q3 is the amplitude of the order parameter. In short, given a symmetric traceless
tensor (equation (C.1)), the directions of its principal axes are characterized by the angle Oy(x, )
(equation (C.5)) under the identification Oy ~ Oy + 7.

C.2. Mean curvature
Consider a surface ¢ embedded in R’. We use the Monge parametrization to represent a point X € R?
on the surface [86]:

X(x,y) = (%,,0(x,)). (C.8)

The tangent vectors t, (o = x,y) and the unit normal to the surface N are

_ (_axqba _ay¢7 1)
VI+IVoPE

The variation of N between two infinitesimally close points in the surface is parallel to the surface [86],
which leads to define the extrinsic curvature tensor K2 as

t = (laoaax(rb)v ty = (Oa 173y¢) ’ (C9)

DaN = —KBtg, (C.10)

where we use summation over repeated indices. The mean curvature follows as

H:%Kz. (C.11)
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By taking derivatives of N and projecting onto tg, we construct the tensor K2, and deduce

(14 (89)") (0:0)" = 2(8:0) (8,0) (8:8y0) + (14 (8:0)’ ) (8y0)”
He : (C.12)
21+ Vo)

where we have used the definition of N (equation (C.9)).
Appendix D. Derivation of the informatic entropy production rate

To derive the IEPR (equation (17)), we start by writing the path probability for the forward P ({J,7}})
and backward P*({J,'}}) paths:

P (1)) =exp(—A), P*({J.4}g) =exp(—AT), (D.1)

where the (A, AR) are the corresponding dynamical actions, and the time-reversal operation is
defined by

t—1—t, R(rt)=o(r,T—1t), VX(r,t)=—¢(r,7—1). (D.2)

Given that the noise realizations in the dynamics of the density field ¢ (equation (1)) and the stream
field ¢ (equation (10)) are independent, we separate (A, AR) as

A= /dt/dr Ay +Ay), /dt/drA + AY) (D.3)

where (Ag, A%) and (A, A}}) are the contributions from the dynamics ¢ and 1), respectively. The IEPR
follows as

S= lim l(.AR—.A)

T—00 T
= lim — dt/dr (AB — Ay)+ lim ~ dt/ dr(AX —Ay). (D.4)
T—00 T T—00 T
Sd’ Sw
The expression for A, reads [8]
1
Aw = 4777’1" [viz (L - 77V41/J)] 27 L= (” + C) [(dcd)) vz (8y¢) - (8}/(15) vz (df‘b)] ) (D-5)
and Ay is given by
1 i/ 2 B 0OF
A¢—m[v (¢+V'V¢+V'Idﬂ ) ]d——MV%a (D.6)
from which we deduce
R__L g V12 4k~ L [o-1(40y. v _v.1\]
Af = (V7 L)), Af= v (d+v-vo-v-1)|, (D.7)
yielding
. 1 : 1 F
Sw:—s—T/(Lw)dr, 3¢=—T/<(¢+ v¢) 5¢>dr, (D.8)
where we have used integration by parts. In the expression of S¢, we identify a vanishing boundary
term:
dF\ .  F(r)—F(0)
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Using the definition v, = €,303% (equation (9)) and the expression of the free energy F (equation (3)),
the remaining contribution to Sy can be written as

1S, = —on [ (051)(000) (ds/do — nV26)) ar
= —con [ (03 (0ug — 5(000)V6) (D.10)
—+ean [ (0 (0300 105 ((006) 7))

where we have integrated by parts. Given that €,30,0sh(¢) = 0 for an arbitrary function h (since o5 =
—€q3), we deduce

TS, = *Heaﬁ/w (0a®) V* (939)) dr. (D.11)

Moreover, using the definition of L = (k + ¢)eas(9ad)V(dph) (equation (D.5)) and S,
(equation (D.8)), we find

1Sy = (¢4 e [ (6 (0.0) V2 (D30))dr (D.12)

Comparing equations (D.11) and (D.12), we find qu =—kr(C+ /{)_lsw, from which we deduce the total
IEPR:

TS:T(S‘¢ +S¢) s

= in (L) dr. (D.13)

In the noiseless regime (T — 0), the dynamics of ¢ (equation (10)) reduces to L = nV*1, yielding

S
TS_C—H@

(V)" dr, (D.14)
which coincides with equation (18).
Appendix E. Derivation of the dissipation rate

To derive the relation between the dissipation rate TSt (equation (27)) and IEPR S (equation (18)), we
start by expressing TSy as the sum of products between fluxes and forces [71]:

. 6]: 0 P,tot
TStot:/(J.X)dr:/ {—Jaaawwaﬁ (z;g—zaﬁ )—l—rAu] dr, (E.1)

where we have used the definitions of (X,J) (equation (23)). Integrating by parts the first and second
terms in equation (E.1), we deduce

: J
ISt = / {(301]@) 6.7;— +vs (3a22’;30t - 3a22;3) + rAp} dr
SF (E.2)
- / [—5(;5 (01 + v O0u®) + vﬁaazl;’g’t + rA,u} dr,
where we have used equations (1) and (21). Using the following identity for the passive stress [69]
OF o
0005y = —0aX0s", (E.3)
together with
% Oipdr= —%, OaVa =0, (E.4)
we then deduce
; dF
TSt = 3 + / (rAp)dr. (E.5)

17



10P Publishing

New J. Phys. 28 (2026) 034601 B N Radhakrishnan et al

As mentioned in the main text, the term dJ/d¢ vanishes in steady state. Combining the definitions of
the chemical rate r (equation (26)) and of the determinant of the Onsager matrix detlL (equation (25)),
we obtain

(2n)" Ay

[ anyar= B0

(detL)dr— /vaBZgﬁdr. (E.6)
Using the definition v, = €,893% (equation (9)) and integrating by parts, we write the last term in
equation (E.6) as follows:

/vagzgﬁdr:/emaaaywzgﬁdr:/weﬁwaaayzgﬁdr. (E.7)

Finally, using X5 = Ei 5+ E‘; 5 and equation (6), we can rewrite the dynamics of ¢ (equation (10)) in
terms of the active stress:
K+
NV = —eﬁWTCaaavng. (E.8)
Substituting equation (E.8) into equation (E.7), we find that equation (E.7) is identical to the IEPR of
AMH:

/vaﬁzgﬂdrz ang (¥ V) dr =

e

e (V) dr =TS, (E.9)

where we have identified the expression of IEPR S (equation (18)). Finally, substituting the relations
from equations (E.6) and (E.9) into equation (E.5), we obtain the connection between the steady-
state dissipation Ts'tfff) and S in equation (29). Last, we note that combining the definition of detlL
(equation (25)) with the following relation

SA YA ¢ 4

Zaﬁzaﬁ = 2AM2 |v¢| ) (E.lO)

we can simplify equation (29) as
5 (ss) . Cz
T(Sm —5) _ / (C,A,ﬁ - 277|v¢|4> dr. (E.11)
Therefore, any local inhomogeneity of the swimmer density ¢ tends to reduce Stf)sts) -S.

Appendix F. Independence of IEPR from boundary conditions

In this appendix, we demonstrate that close to the defect the profile of IEPR (equation (33)) does not
depend on the specific boundary condition. In fact, this result stems from the fact that the effects of
boundary conditions decay within a boundary layer of thickness . We start from the stream func-
tion of a —|—% defect: ¢ = TZJ+% + 1y (section 3.3.1), with 1/_J+% given by equation (32a) and ¥y = (a;r+
b1r)sinp. We impose a constant velocity at r =R directed along the x—axis:

ve(R,0) =vr, vy(R,p) =—0xtb(R,0) =0, (E1)
where v,(r,¢) = Oy1p(r,¢) and v,(r,) = —0xtp(r,) can be calculated easily [73]:
Ve (r,0) = ap +bi* (2 — cos2¢) + % [3(R—r)+rcos2¢p], (E2)
n
vy (1, ) = —bir* sin2¢p + %rsinhp. (E3)

Substituting equation (F.2) into equation (E.1), we determine the two coefficients (a;,b;):

R
611:VR—<7, l’)]ZL (F4)
67 12Rn
Correspondingly, the stream function satisfying the boundary conditions is
Y1 = VR+L(T—R)2 rsing. (E5)
*i 12Rn
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No-slip boundary condition ~ Constant velocity at the bounday| No-slip boundary condition Zero velocity at the boundary

(e)

(@

Figure F1. Analytical prediction for the local IEPR and velocity fields around isolated defects topological: for a +% defect, (a) and
(b) no-slip boundary and (c)—(d) constant-velocity boundary; for a —% (e)—(f) no-slip boundary and (g)—(h) constant-velocity
boundary. Parameters: £ = 0.1, { =0.16, 7 = 1.67, and £ > R (no-slip limit). The white dashed circles indicate the inner region
r < rc wherein results are expected to be universal and insensitive to the boundary conditions.

Substituting equation (E.5) into equation (19), we find that the IEPR is independent of v, since
V2 (rsing) = 0:

, e 1 277,
T0+% (r)= m [————} sin® . (E.6)
We note that the differences between equations (F.6) and (33) should be localized in a boundary layer
of thickness J. We expect that, in the bulk (r < rc >~ R — §), the solution is only mildly dependent on
the specific boundary conditions. We estimate r¢ as the radius where the IEPR is minimum. Imposing
8rc'7+% (rc,) = 0 on equation (E6), we find r¢c = 3R/4. Figures F1(a) and (c) [resp. (b,d)] compare the
vorticity [resp. the IEPR] of an isolated —I—% defect. The dashed white circle indicates r = r¢c. While the
solutions are different at r =R (black circle), they are almost identical in the bulk (r < r¢) thus support-
ing the claim that IEPR has a universal profile close to the defects’ center.

Following the same procedure and imposing vg = 0 (equation (F.1)) on the velocity of a —% defect,
we find the following expressions for the constants:

7R Ra

— b, = E7
240nR?’ (E7)

“ LT TR

The corresponding expression of the IEPR is

2

-1 (r)= TI(I‘EC—Z‘O [é - 15—5 (%)3] sin” (3¢p) . (F.8)

The comparison between equation (330) (no-slip BCs) and equation (E.8) is shown in figures FI1(f)

and (h), respectively. The panels figures F1(e) and (g) show the corresponding vorticity and flow fields.
Similarly to the case of the —i—% defect, the solutions are almost identical within a radius rc = 5/ 3R/ 2, as
determined by imposing 9,5 _1 (rc, ¢) = 0.

To

Appendix G. Spatial distribution of the active force

In this appendix, we comment on the relation between the local IEPR ¢ (equation (19)) and the dis-
tribution of the total force f, & 93Q.s (equation (8)) around individual defects by comparing numer-
ical simulations with some analytical profiles. In the turbulent state, we consider a specific region with
a +% defect, whose orientation is indicated with a green arrow (figure G1(a)). The corresponding IEPR
is maximal on the two sides of the defect (figure G1(b)), is approximately symmetric with respect to
reflections across the defect’s orientation, and is comparatively lower near the origin. In what follows, we
provide some arguments to reproduce the profiles of ¢ and f, around the defect.

In section 3.3.1, our analytic profile of the local IEPR ¢ around a point-like defect (equation (33a))
assumes that the defect is isolated and the core size is zero, namely the amplitude of the Q—tensor is
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Simulation Analytic, total force Analytic, extended force

(a) £ (c) (e)
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f] I£]

(b) (d) ()

Figure G1. Prediction of the qualitative localization of the IEPR derived from various force fields. The plots are in arbitrary
units. (a), (b) Exact force field and corresponding IEPR form numerical simulations. Panel (c): Analytic force field around an
isolated +1 defect (analog to active nematics, [73]). Note that the force is maximal at the center of the defect, contrary to (a).
Consequently, while the mirror symmetry is qualitatively preserved, the IEPR (Panel (d)) is maximal at the center, and there is no
separation between the two lobes of IEPR. Panel (e): Analytic ansatz for the force field around a +% defect, which qualitatively
reproduces the symmetries of (Panel (a), inset) as well as the localization along the interface. The corresponding IEPR (Panel (f))
has two localized lobes consistent with the full solution shown in Panel (b).

constant everywhere except at the origin (appendix C). As a result, the corresponding force profile |f] is
strongly localized at the defect core (figure G1(c)), and & is maximal at the defect core with a mirror
symmetry with respect to the defect orientation (figure G1(d)), in contrast with the numerical profiles
(figures G1(a) and (b)).

We now show that the lobed-structure of figures G1(a) and (b) is related to the non-constant amp-
litude of the Q—tensor close to the defect core. We propose an ansatz for the force field f(r) that qualit-
atively mimics the geometry of the numerical profile:

f(r)=e'Vx(r), x= % [1 — cos <2rcos§)] ) (G.1)

where we assume that the defect is at the origin of the coordinate system, r = /x> + y?, and 6 =
arctan(y/x). The ansatz in equation (G.1) is localized along the interface, vanishes at the defect core,
and has a mirror symmetry (figure G1(e)), as seen in the numerical solution (figure G1(a)). The cor-
responding IEPR profile follow by using equations (19) and (35): it features two well-separated lobes
located symmetrically with respect to the defect orientation (figure G1(f)) in agreement with simulations
(figure G1(b)).

In short, we have shown that, for an individual defect, the geometry of the IEPR profile ¢ is
encoded in the details of the corresponding force profile |f| close to the defect core. For defect pairs
(section 3.3.2), the deviation between our analytics (that rely on point-defect assumption) and numer-
ics is less severe (figures 5(d)—(g)). In this case, the constructive interference of vorticities occurs along
the line connecting the two defects centers: the profile ¢ is overwhelmingly dominated by these vorices,
so the details close to defect core are largely irrevelant.
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