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Active matter constantly dissipates energy to power the self-propulsion of its microscopic constituents. This
opens the door to designing innovative cyclic engines without any equilibrium equivalent. We offer a consistent
thermodynamic framework to characterize and optimize the performances of such cycles. Based on a minimal
model, we put forward a protocol which extracts work by controlling only the properties of the confining walls
at boundaries, and we rationalize the transitions between optimal cycles. We show that the corresponding power
and efficiency are generally proportional, so that they reach their maximum values at the same cycle time in
contrast with thermal cycles, and we provide a generic relation constraining the fluctuations of the power.
DOI: 10.1103/PhysRevE.102.010101

The properties of thermal engines, which operate typically
with cycles of temperature and volume, are well described
within the framework of standard thermodynamics. Simple
protocols, such as the Carnot and the Stirling cycles, provide
an intuitive understanding of the minimal rules required to
extract maximal work and dissipate minimal heat out of
ideal fluids [1]. As such, they still serve today as insightful
references to develop optimal cycles in more realistic settings.
More recently, they have also been used to test the concepts of
stochastic thermodynamics in experiments where fluctuations
cannot be neglected [2–4].
During the last decade, active matter has emerged as an
important class of nonequilibrium systems where particles
extract energy from their environment to power a directed motion [5–7]. Swarms of bacteria [8–10] and assemblies of Janus
colloids in a fuel bath [11,12] are typical examples where
the microscopic dissipation controls the macroscopic fluid
properties. A number of theoretical works have strived to build
a thermodynamic approach to rationalize these properties by
analogy with equilibrium [13–20]. In minimal models where
the solvent only provides passive friction and momentum is
not conserved, the pressure is not an equation of state, at
variance with equilibrium, since it generally depends on the
properties of the wall used to measure it [21–23]. In these
models, a definition of chemical potential has also been proposed which highlights again the limitations of equilibrium
analogies [24,25].
In thermal systems, work can be extracted from cyclic
protocols only by establishing a heat flow in the system, for
instance with a periodic change of temperature. In active
matter, heat flows are already present at fixed temperature
due to individual self-propulsion. Autonomous engines can
then be designed by promoting the current of asymmetric
obstacles [26–28] and extracting work with an external load
[29]. In principle, monothermal cycles can also extract work
out of active matter in the case where macroscopic currents
are absent. It remains to determine how to properly exploit
nonequilibrium properties in active matter to design such
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cycles, and how to build a generic approach to quantify,
compare, and optimize systematically their performances.
In this Rapid Communication, we provide a thermodynamic framework to investigate systematically the performances of monothermal cyclic engines operating with active
matter. As a popular model of active fluids, we consider a set
of N independent active Brownian particles in two dimensions
[14]. They are subject to external confining and aligning potentials, respectively denoted by ut and ur . Neglecting particle
interactions, the dynamics of position ri and orientation θi
reads

ṙi = vei − μt ∇i ut + 2Dt ξ i ,
(1)

θ̇i = −μr ∂θi ur + 2Dr ηi ,
where v is the self-propulsion speed, ei = (cos θi , sin θi ) the
orientation vector, and {ξ i , ηi } a set of uncorrelated Gaussian
white noises with zero mean and unit variance. The translational and rotational mobilities {μt , μr } are independent in
general, and so are the translational and rotational diffusion
constants {Dt , Dr }.
To extract work, we suppose that the operator can modify
externally a series of parameters {α1 , . . . , αn } which control the shape of the potentials ut and ur (see Fig. 1). The
tools of stochastic thermodynamics, introduced originally for
thermal systems [30,31] and later extended to active ones
[17,18,32–37], allow us to identify the average incremental
work associated with an infinitesimal variation
of an ar
bitrary number of parameters as δW = N n ∂αn utot dαn ,
where utot = ut + ur and · is the average with respect to
noise realizations. For quasistatic protocols, it is sufficient to
evaluate averages in steady state at fixed αn denoted by ·s .
Considering a cyclic protocol ∂ which encloses the surface
 in the space of two independent parameters, the average
quasistatic work Wqs then reduces to




 
∂utot
∂utot
(2)
dα1 +
dα2 ,
Wqs = N
∂α1 s
∂α2 s
∂
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FIG. 1. Schematic illustration of the active engine. Left: Elliptical active particles are confined between two parallel walls separated
by a distance  with stiffness λ. Right: The cycle of volume and
stiffness, operating either clockwise or counterclockwise, extracts
work by controlling only confining walls.

which can also be written using Green’s theorem as
Wqs = ± N
w(α1 , α2 ) =



w(α1 , α2 )dα1 dα2 ,





∂ ∂utot
∂ ∂utot
−
,
∂α2 ∂α1 s ∂α1 ∂α2 s

(3)

where + and − signs respectively refer to clockwise and
counterclockwise protocols in the {α1 , α2 } plane. With our
convention, the cycle extracts work from the system whenever
Wqs < 0.
At equilibrium (v = 0 and ut = ur = u), the weight of
configurations follows the Boltzmann factor e−u/T . The
temperature T = Dt /μt = Dr /μr enforces a constraint between mobilities and diffusion constants, and the averages in (3) are written in terms of the free energy F =
−NT ln [ e−u/T dr dθ ] as ∂αn us = ∂αn F. Then, the quasistatic work always vanishes independently of the cycle details, as expected from standard thermodynamics. For generic
active fluids, the steady state is no longer given by the
Boltzmann distribution, as a consequence of the breakdown of
detailed balance [16,17,38]. Hence, work can now potentially
be extracted by tuning only the external parameters {α1 , α2 }
without varying any internal parameter of the dynamics.
In what follows, we consider that the volume of the system
and the stiffness of confining walls change periodically, as
shown in Fig. 1. This cycle illustrates how controlling active
systems only at boundaries is actually sufficient to extract
work, without changing any property of the microscopic
constituents, at variance with thermal cycles. We first compute
the average work for quasistatic protocols. This sheds light
on a transition of the appropriate cycle direction to extract
work, either clockwise or counterclockwise, recapitulated in a
phase diagram in terms of microscopic parameters. For finite
cycle time, we then provide a generic relation between the
average and the variance of extracted power, and we show
that the cycle efficiency, defined in terms of work and heat,
is proportional to the average power.
The active particles are confined along x̂ by two parallel
walls with translational invariance along ŷ. Inspired by a
recent work [22], we take the confining and aligning potentials as ut = (λ/2)[(x − )2 H (x − ) + x 2 H (−x)] and ur =
(λκ/2) cos(2θ )[H (x − ) + H (−x)], where H is the Heaviside step function. The control parameters are the distance

between the walls , which sets the volume of the system, and
the stiffness of the walls λ. The parameter κ, kept constant
throughout the protocol, determines the tendency of particles
to align parallel to the wall. For elliptical particles of axial
dimensions {a, b}, as shown in Fig. 1, κ is proportional to
the anisotropy a2 − b2 , and it vanishes for isotropic particles
(a = b) [22]. Note that the stiffness sets the amplitudes of both
confining and aligning potentials.
With these settings, the average quasistatic work (2) extracted from the cycle of volume and stiffness ∂ reads

 
dλ
− Pd + Nutot s
,
(4)
Wqs =
λ
∂
where we have introduced the pressure exerted on the right
wall P = −N∂ ut s = Nλ(x − )H (x − )s [22,23]. Although P is defined independently of the torque exerted by
the wall, its explicit expression depends on κ in general.
The first term in (4), which embodies the work extracted by
compressing and expanding the system, has a similar form as
in equilibrium except that the pressure now potentially differs
for active fluids. The second one quantifies the work required
to stiffen and soften the wall.
It is well documented that active particles accumulate at
the walls for small angular diffusion Dr  λμt [6,16,38],
thus affecting the density profile beyond the wall regions. To
evaluate explicitly P and utot s , we focus on the opposite
regime where the distribution of position and orientation is
flat between the walls. Since the confining potential ut is
soft, particles can penetrate the wall and thereby deplete the
bulk: The bulk density ρ varies when changing either volume
or stiffness. To account for this effect, we approximate the
distribution in the wall regions by a Boltzmann factor with
effective temperature Dt (1 + Pe)/μt , where Pe = v 2 /(2Dt Dr )
is the Péclet number, leading to
ρ(, λ) =

N
.
√
 + 2π Dt (1 + Pe)/(λμt )

(5)

In practice, the regime where the wall penetration provides a
significant contribution to the bulk density ρ is consistent with
the effective temperature approximation [39]. Importantly, we
only use this approximation when renormalizing the bulk
density as in (5).
The pressure was already computed in [22] as


λκμr
1 − e−z
ρ(, λ)Dt
1 + Pe φ
, φ(z) =
P=
.
μt
Dr
z
(6)
We evaluate the confining energy from the Fokker-Planck
equation associated with the dynamics (1), yielding [39]


λκμr λμt
Dt [N −  ρ(, λ)]
1 + Pe ψ
,
Nut s =
,
2μt
Dr
Dr
ψ (z, z ) =

φ(z)[1 − χ (z)]
,
1 + z φ(z)

χ (z) =

I1 (z/2)
,
I0 (z/2)

(7)

where In is the modified Bessel function of the first kind.
The confining energy (7) follows the equipartition theorem
at equilibrium (Pe = 0), and the nonequilibrium correction
for Pe > 0 yields a dependence on orientation parameters.
Since orientations follow an equilibrium dynamics in the wall
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FIG. 2. (a) The square protocol of scaled volume  Dr /Dt and scaled stiffness λμt /Dr splits into subcycles with opposite directions
w(λ, )dλ d. (b) Average quasistatic work Wqs produced with a
when it crosses the black solid line w(λ, ) = 0, where w obeys Wqs = N
clockwise square protocol as a function of the Péclet number Pe and of the scaled particle anisotropy κμr /μt . Blue and red regions respectively
refer to work extraction for clockwise and counterclockwise cycles. (c)–(e) Numerical simulations and corresponding analytical predictions,
respectively shown in points and solid lines, illustrate the nonmonotonic behavior of Wqs with κ. Parameters: Pe = 0.2 (c), 0.067 (d), and
0.033 (e). Simulation details in [39].

regions, we get the aligning energy by averaging over the
Boltzmann weight e−μr ur /Dr , yielding
Nur s =

λκμr
λκ[ ρ(, λ) − N]
.
χ
2
Dr

Combining (4)–(8), the work then follows as

λκμr
v2
Wqs =
− ρ(, λ) φ
d
2μt Dr ∂
Dr
1
λκμr λμt dλ
+ [N − ρ(, λ)] ψ
,
2
Dr
Dr
λ

λκμr
κ
+
[ρ(, λ) − N] χ
dλ,
2 ∂
Dr

(8)



(9)

where
we have identified a boundary term of the form

d ln ρ(, λ) = 0. The three lines in (9) correspond respectively to contributions from the pressure as the volume
changes, and from the confining and aligning potentials as the
wall stiffness changes.
The work Wqs can take either sign depending on whether
the cycle operates clockwise or counterclockwise in the space
of volume and stiffness. To determine the appropriate direction for extracting work (Wqs < 0), it is sufficient to know the
sign of the surface integrand w defined by
Wqs = N



w(λ, )dλ d,

w(λ, ) =

∂λ P ∂ utot s
+
,
N
λ
(10)

where here the cycle is clockwise in the {λ, } plane [see
Fig. 2(a)]. For a given range of volume  and stiffness λ, the
protocol which realizes maximal work is a square running
clockwise (counterclockwise) for w < 0 (w > 0) when the
sign of w is fixed within the whole surface . In contrast,
when  intersects the null line w = 0, the optimal protocol no
longer corresponds to  and λ varying independently. Instead,
one now has to make a choice between the subprotocols which
enclose the parts where w has a constant sign. In particular,
when these subprotocols enclose exactly opposite values of
w, the work of the associated square cycle vanishes.

Changing internal parameters affects the shape of the null
line, whose coordinates follow directly from (5)–(8), which
can yield a transition between having either clockwise or
counterclockwise cycles to extract work (Wqs < 0). We recapitulate this transition in the diagram of particle anisotropy
κ and Péclet number Pe shown in Fig. 2(b). At fixed Pe, the
work has a nonmonotonic dependence on κ, as confirmed by
numerics in Figs. 2(c)–2(e). When Pe  1 or λκμr  Dr , the
contribution of ur s to the work, given by the third term in
(9), dominates others. In this regime, the pressure follows an
equation of state, which does not preclude extracting work
from orientational degrees of freedom. In practice, increasing
(decreasing) the stiffness λ lowers (elevates) the bottom of
the aligning potential ur , hence extracting (providing) energy
from (to) the particles. Since more particles align with the
walls at small volume, the protocol should compress and
expand, respectively, at small and large stiffness in order to
extract more energy when increasing λ than the one provided
when decreasing λ. This corresponds to the counterclockwise
cycle [see red regions in Fig. 2(b)].
We now turn to discussing finite-time protocols where
volume and stiffness no longer vary slowly compared with
particle relaxation. Though the quasistatic case is useful to
build intuition on how to operate the cycle, it has only a
limited application since the power extracted per cycle, P,
vanishes on average at large cycle time τc :

P=−

W
,
τc

τc

W=N
0

∂utot ˙ ∂utot
+
λ̇ dt,
∂
∂λ

(11)

where W is the finite-time work. At small cycle time, the
cycle does not extract work (W > 0), and the average power
reaches a peak value for intermediate cycle time, as shown in
Fig. 3. In practice, our numerical data are well fitted by P =
(Wqs /τc )(τr /τc − 1) where τr is the only free parameter, as
expected from linear response [40,41].
Building on thermodynamic uncertainty relations [42,43],
recent works have put forward a generic relation between the
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FIG. 3. Scaled power μt P/v 2 and efficiency E as functions of
the scaled cycle time τc /τd , where τd = 2 /Dt . They reach a peak
value at finite cycle time, and follow the proportionality relation E =
μt P/(Nv 2 ) shown in the inset. The solid lines refer to the best
fits P = (Wqs /τc )(τr /τc − 1) where τr is the only free parameter.
Simulation details in [39].

power P and the heat Q [44,45]:

2
1
dP
Q
P + τc

.
2
(P − P) 
dτc
2T

(12)

where the integral is interpreted in the Stratonovich sense.
The average heat Q is always positive, as a signature of the
irreversibility of the dynamics [17,32–36].
Substituting the dynamics (1) in (13), we get
N
v 
μt i=1

τc

ṙi · ei dt,

i ei

· ∇i ut  ≈ Nv, yielding
(15)

(14)

0

˙  + λ̇∂λ ]utot +
where
we have used the chain rule u̇tot = [∂

[
θ̇
∂
+
ṙ
·
∇
]u
and
the
stationarity
condition
i
i tot
i i θi
utot (0) = utot (τc ). The expression of average heat in (14)
clearly differs from the standard first law of thermodynamics:
This is at variance with other studies of active cycles which
rather define heat by enforcing a relation in terms of work and
potential energy as in thermal systems [46–50]. Importantly,
our definition captures the fact that heat is dissipated even
when the potential is static (W = 0), which stems from
the microscopic self-propulsion vei . Provided that most
particles evolve in the bulk region without being affected by
the confining potential ut , the average heat can be simplified

(16)

The uncertainty relation (16) remains valid beyond the specific case of varying volume and stiffness as long as (i) the
protocol consists in changing only the potential at boundaries,
and (ii) interactions between particles are neglected.
To characterize further the engine performances, we consider the cycle efficiency E. Following standard definitions for
monothermal protocols [29,51,52], it reads
E=

W
 1,
W − Q

(17)

from which, by using (15), we deduce
μt P
.
(18)
Nv 2
Considering a square protocol where  and λ vary linearly in
time, the efficiency and power measured numerically indeed
confirm (18), as shown in Fig. 3. The proportionality relation
(18) assumes that the bulk region is large compared with the
wall penetration length, which typically leads to a modest
efficiency: Most particles dissipate energy in the bulk without
contributing to the work produced at boundaries. Conversely,
reducing the relative bulk size compared with the typical penetration length within the walls should increase the efficiency,
though the assumption of flat bulk profile, used when deriving
quasistatic work, can break down in this regime. Note that
increasing the system size along the direction parallel to walls
also leads to higher efficiency.
Importantly, the efficiency is maximum at finite cycle time,
in contrast with thermal engines where quasistatic protocols
always realize maximal efficiency [1]. This is because active
particles dissipate energy even when the potential is static,
so that the energy cost increases with cycle time and thus
one cannot afford to operate the cycle infinitely slowly. In
practice, the efficiency (18) only accounts for the transfer of
energy from particle motion to work extraction: It deliberately
discards energy exchanges at the basis of the microscopic
self-propulsion consuming fuel supply. Provided that fuel
consumption operates faster than the typical relaxation of
positions and orientations, it should not be affected by the
cycle time of external protocols. Then, the cycle still achieves
maximum efficiency at finite time even when accounting for
such a consumption.
In this Rapid Communication, we have provided a consistent thermodynamic framework for cycles operating with
active matter. The approach for identifying the appropriate
cycle direction, which relies on evaluating the deviation from
Boltzmann statistics w(α1 , α2 ) in (3), carries over beyond our
case study: It gives a recipe for evaluating and comparing
the properties of various cycles [46–50,53]. Importantly, we
demonstrate that one can extract work without changing any
E≈

It holds for any cyclic protocol independently of the microscopic details, hence being valid for both thermal and
active cycles. As a straightforward extension of the thermal case [30,31], the heat of active cycles equals the work
done by the particles on the
√ thermostat,
√ provided that the
forces {ṙi /μt , θ̇i /μr } and { 2Dt ξ i /μt , 2Dr ηi /μr } indeed
stem from the surrounding solvent, respectively as damping
and thermal fluctuating contributions:

N
τc 



ṙi
θ̇i
Q=
· (ṙi − 2Dt ξ i ) + (θ̇i − 2Dr ηi ) dt,
μt
μr
i=1 0
(13)

Q = W +



Nv 2 /μt − P
P2

.
(P − P)2 
2T τc

N v2 E

−6

· ei  = Nv − μt

It follows that (12) reduces to a constraint only between the
average and the variance of the power for any cycle time. In
particular, at maximum average power (dP/dτc = 0), we
get

0

1.1

i ṙi

Q ≈ τc [Nv 2 /μt − P].

v2

−3
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property of active particles, since it is sufficient to control only the potential at boundaries. Thus, our work offers
guidelines for future experiments of active engines, based on
manipulating either colloidal [3] or macroscopic [54] active
particles, where the properties of confining walls can be
varied externally. A potential realization of soft walls consists
in adding polymer brushes on surfaces, whose extension is
controlled for instance by ionic concentration [55,56]. Based
on our framework, it would be interesting to propose ideal
protocols which bound the cycle performances, analogously
to the Carnot cycle for thermal engines [1]. In stark contrast
with thermal cycles, which entail a trade-off between power
and efficiency [40,41,44,57], our cycles simultaneously reach

maximum power and efficiency. The challenge is then to find
optimal protocols, where the control parameters have potentially a complex time dependence beyond linear behavior, to
increase efficiency and power at a finite cycle time.

[1] S. Carnot, Réflexions Sur La Puissance Motrice Du Feu
(Bachelier, Paris, 1824).
[2] V. Blickle and C. Bechinger, Realization of a micrometre-sized
stochastic heat engine, Nat. Phys. 8, 143 (2011).
[3] S. Krishnamurthy, S. Ghosh, D. Chatterji, R. Ganapathy, and
A. K. Sood, A micrometre-sized heat engine operating between
bacterial reservoirs, Nat. Phys. 12, 1134 (2016).
[4] I. A. Martínez, É. Roldán, L. Dinis, D. Petrov, J. M. R.
Parrondo, and R. A. Rica, Brownian Carnot engine, Nat. Phys.
12, 67 (2016).
[5] M. C. Marchetti, J. F. Joanny, S. Ramaswamy, T. B. Liverpool,
J. Prost, M. Rao, and R. A. Simha, Hydrodynamics of soft active
matter, Rev. Mod. Phys. 85, 1143 (2013).
[6] C. Bechinger, R. Di Leonardo, H. Löwen, C. Reichhardt, G.
Volpe, and G. Volpe, Active particles in complex and crowded
environments, Rev. Mod. Phys. 88, 045006 (2016).
[7] É. Fodor and M. C. Marchetti, The statistical physics of active
matter: From self-catalytic colloids to living cells, Physica A
504, 106 (2018).
[8] C. Dombrowski, L. Cisneros, S. Chatkaew, R. E. Goldstein, and
J. O. Kessler, Self-Concentration and Large-Scale Coherence in
Bacterial Dynamics, Phys. Rev. Lett. 93, 098103 (2004).
[9] A. Sokolov, I. S. Aranson, J. O. Kessler, and R. E. Goldstein,
Concentration Dependence of the Collective Dynamics of
Swimming Bacteria, Phys. Rev. Lett. 98, 158102 (2007).
[10] A. Sokolov and I. S. Aranson, Physical Properties of Collective Motion in Suspensions of Bacteria, Phys. Rev. Lett. 109,
248109 (2012).
[11] I. Buttinoni, J. Bialké, F. Kümmel, H. Löwen, C. Bechinger,
and T. Speck, Dynamical Clustering and Phase Separation in
Suspensions of Self-Propelled Colloidal Particles, Phys. Rev.
Lett. 110, 238301 (2013).
[12] J. Palacci, S. Sacanna, A. P. Steinberg, D. J. Pine, and P. M.
Chaikin, Living crystals of light-activated colloidal surfers,
Science 339, 936 (2013).
[13] J. Tailleur and M. E. Cates, Statistical Mechanics of Interacting
Run-and-Tumble Bacteria, Phys. Rev. Lett. 100, 218103 (2008).
[14] Y. Fily and M. C. Marchetti, Athermal Phase Separation of SelfPropelled Particles with No Alignment, Phys. Rev. Lett. 108,
235702 (2012).
[15] T. Speck, J. Bialké, A. M. Menzel, and H. Löwen, Effective Cahn-Hilliard Equation for the Phase Separation of

Active Brownian Particles, Phys. Rev. Lett. 112, 218304
(2014).
C. Maggi, U. Marini Bettolo Marconi, N. Gnan, and R. Di
Leonardo, Multidimensional stationary probability distribution
for interacting active particles, Sci. Rep. 5, 10742 (2015).
É. Fodor, C. Nardini, M. E. Cates, J. Tailleur, P. Visco, and F.
van Wijland, How Far from Equilibrium is Active Matter? Phys.
Rev. Lett. 117, 038103 (2016).
C. Nardini, É. Fodor, E. Tjhung, F. van Wijland, J. Tailleur,
and M. E. Cates, Entropy Production in Field Theories Without
Time-Reversal Symmetry: Quantifying the Non-Equilibrium
Character of Active Matter, Phys. Rev. X 7, 021007 (2017).
P. Digregorio, D. Levis, A. Suma, L. F. Cugliandolo, G.
Gonnella, and I. Pagonabarraga, Full Phase Diagram of Active
Brownian Disks: From Melting to Motility-Induced Phase Separation, Phys. Rev. Lett. 121, 098003 (2018).
T. Nemoto, É. Fodor, M. E. Cates, R. L. Jack, and J. Tailleur,
Optimizing active work: Dynamical phase transitions, collective motion, and jamming, Phys. Rev. E 99, 022605 (2019).
S. C. Takatori, W. Yan, and J. F. Brady, Swim Pressure: Stress
Generation in Active Matter, Phys. Rev. Lett. 113, 028103
(2014).
A. P. Solon, Y. Fily, A. Baskaran, M. E. Cates, Y. Kafri, M.
Kardar, and J. Tailleur, Pressure is not a state function for
generic active fluids, Nat. Phys. 8, 673 (2015).
A. P. Solon, J. Stenhammar, R. Wittkowski, M. Kardar, Y. Kafri,
M. E. Cates, and J. Tailleur, Pressure and Phase Equilibria
in Interacting Active Brownian Spheres, Phys. Rev. Lett. 114,
198301 (2015).
S. Paliwal, J. Rodenburg, R. van Roij, and M. Dijkstra, Chemical potential in active systems: Predicting phase equilibrium
from bulk equations of state? New J. Phys. 20, 015003 (2018).
J. Guioth and E. Bertin, Lack of an equation of state for the
nonequilibrium chemical potential of gases of active particles
in contact, J. Chem. Phys. 150, 094108 (2019).
A. Sokolov, M. M. Apodaca, B. A. Grzybowski, and I. S.
Aranson, Swimming bacteria power microscopic gears, Proc.
Natl. Acad. Sci. USA 107, 969 (2010).
R. Di Leonardo, L. Angelani, D. Dell’Arciprete, G. Ruocco, V.
Iebba, S. Schippa, M. P. Conte, F. Mecarini, F. De Angelis, and
E. Di Fabrizio, Bacterial ratchet motors, Proc. Natl. Acad. Sci.
USA 107, 9541 (2010).

The authors acknowledge insightful discussions with
Robert L. Jack, Timur Koyuk, and Patrick Pietzonka. This
work is funded in part by the European Research Council
under the EU’s Horizon 2020 Programme, Grant No. 740269.
É.F. acknowledges support from an Oppenheimer Research
Fellowship from the University of Cambridge, and a Junior
Research Fellowship from St Catharine’s College. M.E.C. is
funded by the Royal Society.

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

010101-5

EKEH, CATES, AND FODOR

PHYSICAL REVIEW E 102, 010101(R) (2020)

[28] G. Vizsnyiczai, G. Frangipane, C. Maggi, F. Saglimbeni, S.
Bianchi, and R. Di Leonardo, Light controlled 3D micromotors
powered by bacteria, Nat. Commun. 8, 15974 (2017).
[29] P. Pietzonka, É. Fodor, C. Lohrmann, M. E. Cates, and U.
Seifert, Autonomous Engines Driven by Active Matter: Energetics and Design Principles, Phys. Rev. X 9, 041032 (2019).
[30] K. Sekimoto, Langevin equation and thermodynamics, Prog.
Theor. Phys. Suppl. 130, 17 (1998).
[31] U. Seifert, Stochastic thermodynamics, fluctuation theorems
and molecular machines, Rep. Prog. Phys. 75, 126001 (2012).
[32] T. Speck, Stochastic thermodynamics for active matter,
Europhys. Lett. 114, 30006 (2016).
[33] É. Fodor, W. W. Ahmed, M. Almonacid, M. Bussonnier, N. S.
Gov, M.-H. Verlhac, T. Betz, P. Visco, and F. van Wijland,
Nonequilibrium dissipation in living oocytes, Europhys. Lett.
116, 30008 (2016).
[34] F. Cagnetta, F. Corberi, G. Gonnella, and A. Suma, Large
Fluctuations and Dynamic Phase Transition in a System
of Self-Propelled Particles, Phys. Rev. Lett. 119, 158002
(2017).
[35] P. Pietzonka and U. Seifert, Entropy production of active particles and for particles in active baths, J. Phys. A: Math. Theor.
51, 01LT01 (2018).
[36] L. Dabelow, S. Bo, and R. Eichhorn, Irreversibility in Active
Matter Systems: Fluctuation Theorem and Mutual Information,
Phys. Rev. X 9, 021009 (2019).
[37] L. Tociu, É. Fodor, T. Nemoto, and S. Vaikuntanathan, How
Dissipation Constrains Fluctuations in Nonequilibrium Liquids:
Diffusion, Structure, and Biased Interactions, Phys. Rev. X 9,
041026 (2019).
[38] A. P. Solon, M. E. Cates, and J. Tailleur, Active Brownian
particles and run-and-tumble particles: A comparative study,
Eur. Phys. J.: Spec. Top. 224, 1231 (2015).
[39] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevE.102.010101 for details on analytical derivations and numerical simulations.
[40] T. Schmiedl and U. Seifert, Efficiency at maximum power:
An analytically solvable model for stochastic heat engines,
Europhys. Lett. 81, 20003 (2008).
[41] M. Esposito, R. Kawai, K. Lindenberg, and C. Van den Broeck,
Efficiency at Maximum Power of Low-Dissipation Carnot Engines, Phys. Rev. Lett. 105, 150603 (2010).
[42] P. Pietzonka, A. C. Barato, and U. Seifert, Universal bounds on
current fluctuations, Phys. Rev. E 93, 052145 (2016).

[43] T. R. Gingrich, J. M. Horowitz, N. Perunov, and J. L. England,
Dissipation Bounds all Steady-State Current Fluctuations, Phys.
Rev. Lett. 116, 120601 (2016).
[44] P. Pietzonka and U. Seifert, Universal Trade-Off Between
Power, Efficiency, and Constancy in Steady-State Heat Engines,
Phys. Rev. Lett. 120, 190602 (2018).
[45] T. Koyuk and U. Seifert, Operationally Accessible Bounds on
Fluctuations and Entropy Production in Periodically Driven
Systems, Phys. Rev. Lett. 122, 230601 (2019).
[46] R. Zakine, A. Solon, T. Gingrich, and F. van Wijland, Stochastic
Stirling engine operating in contact with active baths, Entropy
19, 193 (2017).
[47] A. Saha, R. Marathe, P. S. Pal, and A. M. Jayannavar, Stochastic
heat engine powered by active dissipation, J. Stat. Mech. (2018)
113203.
[48] A. Kumari, P. S. Pal, A. Saha, and S. Lahiri, Stochastic heat
engine using an active particle, Phys. Rev. E 101, 032109
(2020).
[49] V. Holubec, S. Steffenoni, G. Falasco, and K. Kroy, Active
Brownian heat engines, arXiv:2001.10448.
[50] J. S. Lee, J.-M. Park, and H. Park, Brownian heat engine with
active reservoirs, arXiv:2003.13189.
[51] A. Parmeggiani, F. Jülicher, A. Ajdari, and J. Prost, Energy
transduction of isothermal ratchets: Generic aspects and specific
examples close to and far from equilibrium, Phys. Rev. E 60,
2127 (1999).
[52] P. Pietzonka, A. C. Barato, and U. Seifert, Universal bound
on the efficiency of molecular motors, J. Stat. Mech. (2016)
124004.
[53] D. Martin, C. Nardini, M. E. Cates, and É. Fodor, Extracting
maximum power from active colloidal heat engines, Europhys.
Lett. 121, 60005 (2018).
[54] G. Junot, G. Briand, R. Ledesma-Alonso, and O. Dauchot,
Active Versus Passive Hard Disks Against a Membrane: Mechanical Pressure and Instability, Phys. Rev. Lett. 119, 028002
(2017).
[55] S. T. Milner, Polymer brushes, Science 251, 905 (1991).
[56] O. Azzaroni, Polymer brushes here, there, and everywhere:
Recent advances in their practical applications and emerging
opportunities in multiple research fields, J. Polym. Sci., Part A:
Polym. Chem. 50, 3225 (2012).
[57] N. Shiraishi, K. Saito, and H. Tasaki, Universal Trade-Off
Relation Between Power and Efficiency for Heat Engines, Phys.
Rev. Lett. 117, 190601 (2016).

010101-6

