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Abstract
Capturing the emergence of deformation waves in contractile living tissues is a challenge that has
recently been tackled with models of actively deformable particles. Inspired by the anisotropic
deformation of cardiomyocytes in cardiac tissues, we examine how the pulsation of elliptical par-
ticles affects their collective properties in dense assemblies. We introduce two types of deforma-
tion where the eccentricity of each particle is subject to a periodic drive, and examine the interplay
between nematic order and synchronized deformation via a systematic phase diagram. We derive
a hydrodynamic description through a coarse-graining procedure, and show that it qualitatively
captures the main collective states of the microscopic dynamics. Overall, our model provides key
insights into how an active anisotropic deformation yields waves that self-organize into various
dynamical patterns.

1. Introduction

Active matter refers to systems composed of units that absorb energy from their environment to sus-
tain their motion and deformation [1, 2]. Over the past few decades, the field of active matter has
expanded significantly, leading to the development of various models that describe diverse many-body
systems and their collective dynamics. These include crowds of pedestrians [3, 4], bacterial colonies [5–
7], and biological tissues [8–10]. These studies have led to reveal intriguing collective behaviors such
as flocking [11, 12] and motility-induced phase separation [13]. The interest in these phenomena is
mostly rooted in their intrinsic non-equilibrium nature: by evading equilibrium constraints, active mat-
ter exhibits collective behaviors without any equilibrium equivalent.

Dense active systems have received increasing attention in the last decade. Experimental studies on
confluent living tissues have revealed the important role of nonequilibrium collective behaviors of cells
in various biological functions; for instance, in contexts like embryonic development [14], uterine con-
traction [15], and cardiac arrhythmia [16–18]. The active vertex model [8, 9], where activity drives self-
propulsion of cells, captures the rigidity transition between solid and fluid states. However, contraction
waves can be experimentally observed even when cells” displacements are negligible [16, 19]. In this con-
text, where cell motility does not play any clear role, it is questionable whether such a motility should be
the key ingredient of wave propagation. In fact, the complexity of cellular activity entails the possibility
to drive many internal degrees of freedom beyond translational velocity.

Experimental observations of cell area oscillations [20, 21] and the emergence of phase waves in
cardiac tissues [16] motivate novel models. Our working hypothesis is that the collective dynamics in
some specific tissues is mostly caused by the cells” deformability. Deformable particles have recently been
introduced to study glassy systems [22–24] and also in the context of nematics [25–27]. In general, the
broad interest in deformable particles is motivated by their rich emergent behaviors and the potential for
designing novel types of actuators [28].
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The introduction of activity as driving the particle sizes is the defining feature of pulsating active
matter [22, 29–40] with relevance to describe the physics of some living systems [41–49]. In this class
of models, oscillations of particle sizes yield deformation waves akin to experimental observations in bio-
logical tissues, despite the absence of self-propulsion. Hydrodynamic theories have strived to describe the
large-scale dynamics of such pulsating particles [36, 37, 47]. In many biological tissues, cells are often
anisotropic, so they change not only their sizes but also their overall shape. For instance, cardiomyocytes
that form cardiac tissues contract along their long axis [50]. Therefore, it remains to examine how any
anisotropic deformation of pulsating particles affects the phenomenology of pulsating active matter.

In this paper, we investigate the role of anisotropy in dense assemblies of pulsating active particles by
introducing a drive of some internal degrees of freedom. We extend the model studied in [33] by con-
sidering ellipses that can stabilize nematic order [51, 52] where the particles” eccentricity depends on an
internal phase. Whereas [33] considers isotropic particles whose internal phase controls only their size,
here each particle carries an additional orientational degree of freedom and a phase-dependent eccentric-
ity; this extension reveals how phase synchronisation couples to nematic alignment, distinguishes squeez-
ing from stretching deformations, and leads to nematic order at high density. In section 2, we introduce
two models that account for different modes of anisotropic deformation. We build some phase diagrams
that report the emergence of various collective states (cycles, arrest, and deformation waves) along with a
nematic state at very high densities for a specific deformation mode. In section 3, we develop a hydrody-
namic theory to capture the observed states. The corresponding phase diagram shows qualitative agree-
ment with numerical observations: it allows us to rationalize how anisotropic deformation yields nematic
ordering. Finally, we present our conclusions in section 4.

2. Collective dynamics of deformable ellipses

We introduce two distinct models of pulsating deformable ellipses. We outline the repulsive potential
acting between the particles, describe the equations of motion that govern their dynamics, and present
the order parameters required for a quantitative analysis of the two models.

2.1. Anisotropic deformation and internal pulsation
We examine the dynamics of N anisotropic particles in two spatial dimensions. The overdamped dynam-
ics of position ri and orientation θi reads

ṙi =−µr
∑
j∧i

∇iU(aij)+
√
2Drξi , θ̇i =−µθ

∑
j∧i

∂θiU(aij)+
√
2Dθηθ,i , (1)

where ξi and ηθ,i are uncorrelated Gaussian white noises with zero mean, and correlations given by:
⟨ξiµ(t)ξjν(0)⟩= δijδµνδ(t), and ⟨ηθ,i(t)ηθ,j(0)⟩= δijδ(t). The short-ranged repulsive potential is given
by U(a) = a12 − 2a6 for a< 1, and U(a) = 0 otherwise; the sum over j∧ i thus refers to the interacting
neighbors satisfying aij < 1. The scaled interparticle distance aij = |ri − rj|/σij is defined in terms of the
touching distance σij between particles. Although U is written as a function of the scalar aij, it depends
implicitly on particle orientations through σij = σij(r̂ij,θi,θj). Both aij and U(aij) are therefore functions
of r̂ij, θi, and θj.

In all that follows, we focus on particles with elliptical shapes (figure 1). Computing the exact ana-
lytical expression of σij for arbitrary shape and orientation of ellipses is both analytically and computa-
tionally challenging. Following [53], we use an analytical approximation for the orientation-dependent
contact range of non-equivalent ellipses. Here σij denotes the centre-to-centre separation at first contact
when two ellipses with fixed shapes and orientations are brought together along r̂ij. The expression is
exact for circular particles and provides a standard smooth approximation for the moderate aspect ratios
considered here, while avoiding the numerical solution of the exact ellipse-contact problem. Considering
two ellipses with short and long axes respectively denoted by (s1, s2) and (l1, l2), their interparticle
direction given by r̂12 = (r1 − r2)/|r1 − r2|, and their respective orientations by û1 = (cosθ1, sinθ1) and
û2 = (cosθ2, sinθ2), we take the following expression:

σ12
σ0

=

[
1− τ (r̂12 · û1)2 + τ̄ (r̂12 · û2)2 − 2τ τ̄ (r̂12 · û1)(r̂12 · û2)(û1 · û2)

1− τ τ̄ (û1 · û2)2

]−1/2

, (2)

where

σ2
0 = 2(s21 + s22) , τ =

l21 − s21
l21 + s22

, τ̄ =
l22 − s22
l22 + s21

. (3)
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Figure 1. Parametrization of anisotropic deformable particles. (a) Each ellipse has four degrees of freedom: (i) the position r=
(x,y) of their center that evolves in two dimensions, the orientation θ of the long axis l, and the internal degree of freedom ϕ
that controls either the long or short axis, respectively l(ϕ) and s(ϕ) (equations (4) and (5)). (b)–(d) Elliptical deformation
as a function of the internal phase ϕ ∈ [0,2π). For squeezing (resp. stretching) deformation, particles are round (resp. most
elliptical) in their maximum size (green, ϕ = π/2), and most elliptical (resp. round) in their minimum size (dark blue, ϕ =
3π/2).

We then implement the deformation of a given particle by regarding (li, si) as dynamical vari-
ables. In practice, we consider two deformation rules where either si varies at fixed li, or vice versa.
Correspondingly, deformation occurs either by squeezing along the short axis, or by stretching along the
long axis (figures 1(c) and (d)). In the squeezing case, we take li = l0 for all particles, while si = s(ϕi)
depends on the internal phase ϕi, which can differ between particles, as

s(ϕ) = l0
1+λ sinϕ

1+λ
< l0 , (4)

where the deformation constant λ ∈ (0,1) controls the deformation amplitude. In the stretching case, we
take instead si = l0 for all particles, while li = l(ϕi) varies in terms of ϕi as

l(ϕ) = l0
1+λ sinϕ

1−λ
> l0 . (5)

The definitions in equations (4) and (5) entail that (i) squeezing particles are circular at their maximum
size (ϕ = π/2) and most elliptical at their minimum size (ϕ = 3π/2), whereas (ii) stretching particles
are circular at their minimum size (ϕ = 3π/2) and most elliptical at their maximum size (ϕ = π/2); see
figures 1(c) and (d). Introducing the deformability factor D as the ratio of maximum over minimum
area per particle, we find that D= (1+λ)/(1−λ) in both cases (i-ii), although the maximum and min-
imum areas differ between cases.

These two deformation rules should be regarded as idealised limiting protocols. The stretching mode,
in which deformation is controlled by the long axis, is reminiscent of the predominantly longitudinal
contraction of cardiomyocytes, whereas the squeezing mode represents deformation dominated by the
short axis. More generally, propagating biochemical activity waves that coordinate tissue growth, such as
the ERK waves observed in regenerating osteoblast tissue [49], provide an experimental context in which
local deformation and collective wave propagation may be coupled.

Our aim is to explore the nonequilibrium collective effects stemming from an internal pulsation. To
this end, inspired by [33, 35–37], we introduce an explicit driving term ω in the dynamics of phases:

ϕ̇i = ω+
∑
j∧i

[
ε sin

(
ϕj −ϕi

)
−µϕ ∂ϕiU(aij)

]
+
√

2Dϕηϕ,i , (6)

where ηϕ,i is a Gaussian white noise, uncorrelated with (ξi,ηθ,i), with zero mean and correlations given
by ⟨ηϕ,i(t)ηϕ,j(0)⟩= δijδ(t). The synchronisation amplitude ε > 0 promotes alignement between phases

3
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Figure 2. Phase diagrams in terms of synchronisation Rϕ (equation (7)), nematic order Rθ (equation (8)), and currentΥ
(equation (9)) for squeezing and stretching deformation models (resp. top and bottom rows). Both models feature arrest, cycle,
and wave states in comparable parameter regimes. Only the squeezing deformation model entails a nematic phase (Rθ ≃ 1) at a
very high density. Parameters: ω = 10, λ= 0.1, L= 100, l0 = 0.5. Panels (c) and (f): ε= 10.

of nearby particles, and the synchronisation term has the same range as the potential term deriving from
U. In the absence of drive and synchronisation (ω = 0 and ε= 0), the system reduces to an equilibrium
assembly of passive deformable particles, provided that Dr/µr = Dθ/µθ = Dϕ/µϕ = T, where T is the
temperature. In all that follows, we fix all the parameters (Dr,Dθ,Dϕ,µr,µϕ,µθ) equal to 1.

2.2. Phase diagrams: Cycles, arrest, and deformation waves
To quantitatively study the emergence of collective dynamical patterns, we introduce the parameter Rϕ
that measures the degree of phase synchronisation among the particles:

Rϕ =
1

N

〈∣∣∣∣ N∑
j=1

eiϕj

∣∣∣∣〉 , (7)

the parameter Rθ that quantifies the degree of nematic alignment between particle orientations:

Rθ =
1

N

〈∣∣∣∣ N∑
j=1

ei2θj
∣∣∣∣〉 , (8)

and the current Υ that quantifies the speed of particle deformation:

Υ=
1

Nω

N∑
j=1

⟨ϕ̇j⟩. (9)

Considering particles with either squeezing or stretching deformation (figures 1(c) and (d)), we establish
phase diagrams by measuring numerically (Rϕ,Rθ,Υ) for different values of density ρ0 = N/L2, where
L denotes the system size, and synchronisation strength ε. Since the current Υ depends only weakly on
the synchronisation strength over the range considered, panels (c),(f) show representative density cuts at
fixed ε= 10. In both cases, the system adopts (i) a synchronized state with vanishing current [Rϕ ≈ 1,
Υ≈ 0] at high density, which we refer to as the arrested state, and (ii) a synchronized state with maxi-
mum current [Rϕ ≈ 1, Υ≈ 1] at moderate density and high synchronisation, which we call the cycling
state (figure 2).

The cycling state emerges in the regime where particles have enough space to deform with only mod-
erate repulsion between neighbours. The arrested state arises at higher density due to the repulsion
counteracting the drive. Both arrested and cycling states have a homogeneous profile of particle shape.

4
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Figure 3. (a) and (b) Patterns observed in the squeezing deformation model for (ρ,ε) = (1.8,16), see black diamond in
figure 2(a). (c)–(h) Increasing the deformation constant λ (equations (4) and (5)) makes wavefronts thinner for squeezing and
stretching deformation models (resp. top and bottom rows), and yields topological defects marked with black triangles: upwards
for clockwise-rotating defects, and downwards for counterclockwise-rotating defects. At λ= 0.1, defects form in the squeezing
deformation model, but none appear in the stretching deformation model. Parameters: ρ= 1.74, ε= 7.5, ω = 10, l0 = 0.5.

For the density regime in between the arrested and cycling states, there emerges an instability associated
with low synchronisation and high current [Rϕ < 1, Υ≈ 1] that yields deformation waves (figure 3).
This phenomenology is similar to the case of isotropic particles [33]. In addition, we now observe a cou-
pling between the ordering of particle shape and their alignment. At very high density, particles become
arrested at an intermediate size fixed by the balance between the drive and the repulsive phase torque,
rather than at their absolute minimum size. In this regime, squeezing particles retain an elliptical shape
whose steric alignment yields nematic order [Rθ > 0, figure 2(b)], whereas stretching particles do not
develop appreciable nematic order [Rθ ≈ 0, figure 2(e)].

The deformation waves can spontaneously organize into various patterns. Some of them contain
topological defects in the profile of the phase. The charge associated with such defects is defined as
κ= 1

2π

¸
dϕ, where the integration runs over a close loop that contains the defect; it determines whether

the defect rotates clockwise (κ= 1) or counterclockwise (κ=−1). Spiral patterns are associated with
a wave that wraps around a defect (figure 3(a)), whereas circular patterns are not associated with any
defects (figure 3(b)). In fact, these two different patterns can emerge for the same values of the control
parameters and same initial conditions, as evidence of the metastability of these numerical solutions. The
amplitude λ of particle deformation (equations (4) and (5)) significantly influences the defect statistics.
Specifically, increasing λ leads to more defects for both stretching and squeezing deformations (figure 3),
and we observe regimes of λ where defects are only present for squeezing deformation.

In short, our models of pulsating deformable ellipses reproduce the three main phases of their
isotropic counterpart [33, 35, 36, 54]: cycles, arrest, and deformation waves. In addition, we now
observe the emergence of a nematically aligned collective state at a very high density for the squeezing
deformation (figure 2), namely when the smallest particles have an anisotropic shape (figure 1). In what

5
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follows, we propose a hydrodynamic description to examine the emergence of these various collective
states.

3. Hydrodynamics of synchronisation and nematic order

In this section, we derive a hydrodynamic description in terms of some fluctuating fields by coarse-
graining the microscopic dynamics. First, we propose an effective microscopic dynamics amenable to
coarse-graining by simplifying the interaction potential terms. Second, using stochastic calculus [2, 55],
we derive and close a hierarchy of equations at the hydrodynamic level. The relevant hydrodynamic
fields for our model are the density field ρ, defined as

ρ(r, t) =
N∑
j=1

δ(r− rj(t)) , (10)

along with the synchronisation fϕ and nematic fθ fields given by

fϕ(r, t) =
N∑
j=1

eiϕj(t)δ(r− rj(t)) , fθ(r, t) =
N∑
j=1

ei2θj(t)δ(r− rj(t)) . (11)

By decoupling the displacement of particles from their deformation, we show that the density field ρ
relaxes towards a homogeneous profile. The hydrodynamics is then controlled by the coupling between
the synchronisation field fϕ and the nematic field fθ.

3.1. Coarse-graining the microscopic dynamics
To coarse-grain our microscopic model (equations (1) and (6)), we start by simplifying the equations of
motion. To this end, we adapt the approximation proposed in the case of isotropic particles [33, 36] to
now account for nematic alignment.

First, we neglect all interactions in the position dynamics, and we approximate the potential term in
the orientation dynamics as

ṙi =
√
2Drξi , θ̇i =−µθ(∂ΨU)(∂θiΨ)+

√
2Dθηθ,i , (12)

Here U is approximated by an effective coarse-grained potential that depends on the local alignment
variable Ψ, so that the microscopic orientational torque is represented through ∂θiU≃ (∂ΨU)(∂θiΨ).
We have introduced the parameter Ψ that quantifies nematic alignment:

Ψ =
1

2

N∑
j,k=1

cos(2(θj − θk))(1+ ςν sinϕj)(1+ ςν sinϕk)δ(rj − rk) , (13)

The potential U should decrease with the alignment parameter Ψ, so that ∂ΨU< 0. The coupling con-
stant ν accounts for the fact that the potential term ∂θiU depends not only on the orientation θi, but
also on the shape of particles through the phases ϕi. Specifically, at fixed θi, we expect that ∂θiU vanishes
when particles are isotropic, and increases with anisotropy. This trend is captured by taking ς =−1 for
squeezing deformation, and ς = 1 for stretching deformation. In what follows, we consider ν as a small
parameter, in line with taking a small amplitude of particle deformation (equations (4) and (5)):

Ψ =
1

2

N∑
j,k=1

cos(2(θj − θk))
[
1+ ςν(sinϕj + sinϕk)+ o(ν)

]
δ(rj − rk) , (14)

where we have truncated Ψ to first order in ν.
Second, we approximate the potential terms in the phase dynamics as

ϕ̇i = ω−µϕ (∂ΨU)(∂ϕiΨ)+
N∑
j=1

[
ε sin(ϕj −ϕi)−µϕ (∂φU)(∂ϕjφ)

]
δ(ri − rj)+

√
2Dϕηϕ,i , (15)

where we have introduced the packing fraction

φ =
π

L2

N∑
j=1

l(ϕj)s(ϕj) . (16)
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The potential U should increase with the packing fraction φ, so that ∂φU> 0. The long and short
axes (l, s) are defined differently for stretching (equation (4)) and squeezing (equation (5)) deforma-
tions, and L refers to the system size. We expect that the assumptions underlying the effective dynamics
(equations (12) and (15)) hold in the dense regime with a strong overlap between particles.

The time evolution of the empirical distribution

f(r,ϕ,θ, t) =
N∑
i=1

f̂i(r,θ,ϕ, t) , f̂i(r,θ,ϕ, t) = δ(r− ri(t))δ(θ− θi(t))δ(ϕ−ϕi(t)) , (17)

can be written using stochastic calculus [2, 55] as

∂tf =
N∑
i=1

[
ṙi · ∂ri + θ̇i ∂θi + ϕ̇i ∂ϕi +Dr∂

2
riri +Dθ∂

2
θi θi +Dϕ ∂

2
ϕiϕi

]
f̂i . (18)

Substituting the effective microscopic dynamics (equations (12) and (15)) into equation (18), and intro-
ducing the mode decomposition

fn,m(r, t) =

ˆ
dϕdθei(nϕ+2mθ)f(r,ϕ,θ, t) =

N∑
j=1

ei(nϕj(t)+2mθj(t))δ(r− rj(t)) , (19)

we obtain an infinite hierarchy of equations:

∂tfn,m = (Dr∂rr
2 − n2Dϕ − 4m2Dθ + inω− incϕ,1Re[f1,0])fn,m

+
nε

2
( f1,0fn−1,m − f ∗1,0fn+1,m)

− i ςνncϕ,2
[
f0,1( fn−1,m−1 + fn+1,m−1)+ f ∗0,1( fn−1,m+1 + fn+1,m+1)

]
+ 2iςmcθν

[
fn,m−1( f1,1 − f ∗1,−1)+ fn,m+1( f

∗
1,1 − f1,−1)

]
− 2i ςmcθν

[
f0,1( fn+1,m+1 − fn−1,m+1)+ f0,1( fn−1,m−1 − fn+1,m−1)

]
+ 2mcθ(f

∗
0,1fn,m+1 − f0,1fn,m−1)+Λn,m ,

(20)

where f ∗n,m = f−n,−m refers to the complex conjugate of fn,m, and

cϕ,1 = µϕ (∂φU)
λπ l0

(1+ ςλ)L2
> 0 , cθ =

µθλ

4
(∂ΨU)< 0 , cϕ,2 =

µϕλ

4
(∂ΨU)< 0 . (21)

The noise term reads

Λn,m =
N∑
j=1

ei(nϕj+2mθj)
[√

2Drξj · ∂r+ in
√
2Dθηθ,j + 2im

√
2Dϕηϕ,j

]
δ(r− rj) . (22)

For (n,m) = (0,0), the dynamics of the density f0,0 = ρ (equation (10)) decouples from higher-order
modes: ∂tf0,0 = Dr∂

2
r rf0,0, where we have neglected the noise contribution. It follows that the density

field relaxes to the homogeneous profile ρ= ρ0 = N/L2.
The fields of interest ( fϕ, fθ) (equation (11)) respectively coincide with the modes ( f1,0, f0,1)

(equation (19)). To close the hydrodynamics in terms of these modes, we make a scaling ansatz which
leads to the adiabiatic elimination of higher modes [33]: fn,m ∼ ζ |n|+|m| and ∂t ∼ ∂rr ∼ ζ2, where ζ ≪ 1.
This ansatz is justified close to the disordered state, where we expect the distribution of phases and ori-
entations to be almost uniform [56]. It follows that O(ζ3) terms are subleading in the evolution of the
second-order modes ( f2,0, f0,2, f1,1, f1,−1), yielding

f2,0 =
εf 210

2(2Dϕ − iω)
, f0,2 =− cθ

Dθ
f 201 ,

f1,1 =
εf01f10

2(Dϕ +Dθ − iω)
, f1,−1 =

εf10f ∗01
2(Dϕ +Dθ − iω)

.

(23)
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Substituting equation (23) in the evolution of ( f1,0, f0,1) = ( fϕ, fθ) (equation (20)), we get

∂tfϕ = (Dr∂rr
2 −Dϕ + ερ0/2+ iω− icϕ,1Re[fϕ])fϕ

− ε2

4(2Dϕ − iω)
|fϕ|2fϕ− i2ςνcϕ,2|fθ|2 +

√
2ρ0Dϕηϕ ,

∂tfθ = (Dr∂rr
2 −Dθ − 2cθρ0)fθ − 2

c2θ
Dθ

|fθ|2fθ − 2ςνcθfθIm[fϕ]

− ςεcθνρ0fθ
(Dϕ +Dθ)Im[fϕ] +ωRe[fϕ]

(Dϕ+Dθ)2 +ω2
+
√

8ρ0Dθηθ ,

(24)

where (ηϕ,ηθ) are some uncorrelated Gaussian white noises with zero mean and unit correlation
(Appendix).

Therefore, our coarse-graining yields a closed hydrodynamics (equation (24)) for the synchroni-
sation and nematic fields ( fϕ, fθ) (equation (11)). This hydrodynamics is invariant under an arbitrary

rotation of the nematic field (fθ → fθeiψ for an arbitrary real number ψ), yet a similar rotation of the
synchronisation field (fϕ → fϕ eiψ) is not invariant. Such a broken invariance has already been identi-
fied in the case of pulsating isotropic particles [33, 36, 37]. The noise-dominated regime is represented
in equation (24): when Dϕ is large compared with the interaction-induced phase torque, the damping
term −Dϕ fϕ suppresses phase order, yielding the disorder regime labelled in figures 4(a) and (b). In the
position dynamics, neglecting the interaction force leaves translational diffusion as the dominant contri-
bution, so that the density relaxes towards a homogeneous profile. For ν = 0, the phase and nematic sec-
tors decouple. The phase sector is qualitatively analogous to the isotropic-particle hydrodynamics, but an
exact reduction additionally requires removing the independent nematic sector and retaining the contri-
bution of the second phase harmonic f2,0 to the packing-fraction torque, which appears as an additional
imaginary-part term after closure [33].

3.2. Phase diagram:Weak coupling of alignment and deformation
We consider a perturbative approach of the hydrodynamics (equation (24)) in terms of the coupling
parameter ν: we first solve the case ν = 0, and then set ν as a small parameter to determine corrections.
We examine homogeneous field realizations, decompose them as ( fϕ, fθ) = (Rϕ eiΦ,Rθei2Θ), and substi-
tute these expressions into the hydrodynamics (equation (24)). Note that Θ is undetermined, since the
direction of fθ is invariant under rotation.

The fixed-point solutions (Rϕ,0,Φ0,Rθ,0) at ν = 0 obey

0=
(ερ0

2
−Dϕ

)
Rϕ,0 −

DϕX(ε,Dϕ,ω)

2
R3
ϕ,0 ,

0= ωRϕ,0 − cϕ,1 cosΦ0R
2
ϕ,0 −

ωX(ε,Dϕ,ω)

4
R3
ϕ,0 ,

0= (2cθρ0 +Dθ)Rθ,0 + 2
c2θ
Dθ

R3
θ,0 ,

(25)

where

X(ε,Dϕ,ω) =
ε2

4D2
ϕ+ω2

. (26)

These solutions lead to distinguish four different states:

• disorder: (Rϕ,0,Rθ,0) = (0,0),

• phase disorder and nematic order: (Rϕ,0,Rθ,0) = (0, R̄θ,0),

• arrested state and nematic disorder: (Rϕ,0,Φ0,0) = (R̄ϕ,0, Φ̄0,0),

• arrested state and nematic order: (Rϕ,0,Φ0,Rθ,0) = (R̄ϕ,0, Φ̄0, R̄θ,0) ,

in terms of

R̄ϕ,0 =

√
ερ0 − 2Dϕ

DϕX(ε,Dϕ,ω)
, R̄θ,0 =

√
Dθ
cθ

(
ρ0 −

Dθ
2cθ

)
, cos Φ̄0 =

1

cϕ,1

ω

R̄ϕ,0

(
3

2
− ερ0

Dϕ

)
. (27)
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Figure 4. Hydrodynamic phase diagrams for the cases of (a) squeezing and (b) stretching deformation models. In panels (a) and
(b), the lines denote the analytical phase boundaries, while the coloured regions are determined by numerical integration of the
homogeneous hydrodynamic equations. Black lines delinate the regions of existence of disordered (PDNO refers to phase dis-
order with nematic order), arrested, and cycling (clockwise and counter-clockwise) states at ν = 0; see dashed (equation (28)),
dotted and dash-dotted (equation (29)), and solid (equation (30)) lines. To first order in ν, the linear stability analysis of the
fixed-points reveals that nematic order emerges at a smaller density for squeezing than for stretching deformation. Profile of the
synchronisation field fϕ = Rϕ eiΦ (equation (11)) obtained from numerical integration of hydrodynamics (equation (24)) for
(c) and (d) the squeezing deformation model (ς =−1), and (e) and (f) the stretching deformation model (ς = 1). Parameters:
ρ0 = 1, ε= 6, ω = 10, L= 1, dx= 1/256, ν = 0.2, cϕ,2 = cθ =−0.01ρ60, cϕ,1 = ρ60.

The condition R̄2
ϕ,0 > 0 determines the critical line for the existence of ordered states:

ερ0 =
2Dϕ
ε

, (28)

where the cycling and arrested states are separated by the following condition:

cos Φ̄0 =±1, (29)

while R̄2
θ,0 > 0 yields the critical line for the existence of nematic order:

ρ0 =
Dθ
2cθ

, (30)

as reported in figure 4.
To study the stability of the fixed-point solutions at ν = 0 (equation (25), we consider the dynamics

of the linear perturbation

δX0(q, t) =

ˆ
dr[Rϕ −Rϕ,0,Φ −Φ0,Rθ −Rθ,0]e

iq·r , δẊ0 =M0δX0 , (31)

where the stability matrix M0 reads

M0 =

m0,11 −Drq2 0 0
m0,21 m0,22 −Drq2 0
0 0 m0,33 −Drq2

 , (32)

9
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in terms of

m0,11 =
ερ0
2

−Dϕ − 3DϕX(ε,Dϕ,ω)

2
Rϕ,0 ,

m0,21 =
ω

Rϕ,0
− 3ωX(ε,Dϕ,ω)

4
Rϕ,0 − 2cϕ,1 cosΦ0 ,

m0,22 = Rϕ,0cϕ,1 sinΦ0 , m0,33 =−Dθ − 2cθρ0 −
6c2θ
Dθ

R2
θ,0 .

(33)

The eigenvalues χ0(q) of M0 take the form χ0(q) = χ0(0)−Drq2, where χ0(0)< 0 in the regime of
existence of the fixed-point solutions, so that these solutions are linearly stable at all q. In short, when
alignment and deformation decouple (ν = 0), the phase diagram is the same for both the squeezing and
stretching deformation models: the only difference with the hydrodynamics of isotropic pulsating parti-
cles [33] is the emergence of nematic order at high density.

We now examine the fixed-point solutions (Rϕ,1,Φ1,Rθ,1) that are the first-order corrections to the
case ν = 0:

Rϕ,1 =
2ςcϕ,2R2

θ,0 sinΦ0

ερ0
2

−Dϕ − 3ωX(ε,Dϕ,ω)

4
R2
ϕ,0

,

Φ1 =

Rϕ,1

(
2cϕ,1Rϕ,0 cosΦ0 −ω+

3ωX(ε,Dϕ,ω)

4
R2
ϕ,0

)
+ 2ςcϕ,2R2

θ,0 cosΦ0

cϕ,1R2
ϕ,0 sinΦ0

,

Rθ,1 =− ςDθ
2cθ

Rϕ,0
Rθ,0

sinΦ0 −
ςDθερ0
2cθ

Rϕ,0
Rθ,0

(Dϕ +Dθ) sinΦ0 +ω cosΦ0

(Dϕ +Dθ)2 +ω2
.

(34)

The dynamics of the corresponding linear perturbation is given by

δX1(q, t) =

ˆ
dr[Rϕ −Rϕ,0 − νRϕ,1,Φ −Φ0 − νΦ1,Rθ −Rθ,0 − νRθ,1]e

iq·r ,

δẊ1 = (M0 + νM1)δX1 ,

(35)

where M0 is defined in equation (32), and the components of M1 read

M1,11 =−3DϕX(ε,Dϕ,ω)Rϕ,0Rϕ,1 ,

M1,12 =−2ςcϕ,2Rθ,0
2 cosΦ0 ,

M1,13 =−4ςcϕ,2Rθ,0 sinΦ0 ,

(36)

and

M1,21 =−ωRϕ,1
ε2(2Dϕ− 3ερ0)

4(2Dϕ− ερ0)(4D2
ϕ+ω2)

− 2cϕ,1Φ1 sinΦ0 ,

M1,22 = cϕ,1Rϕ,1 sinΦ0 + cϕ,1Rϕ,0Φ1 cosΦ0 + 2ςcϕ,2
R2
θ,0

Rϕ,0
sinΦ0 ,

M1,23 =−4ςcϕ,2
Rθ,0
Rϕ,0

cosΦ0 ,

(37)

and

M1,31 =−2ςcθRθ,0 sinΦ0 − ςεcθρ0
(Dϕ+Dθ) sinΦ0 +ω cosΦ0

(Dϕ+Dθ)2 +ω2
Rθ,0 ,

M1,32 =−2ςcθRθ,0Rϕ,0 cosΦ0 + ςεcθρ0
(Dϕ+Dθ)cosΦ0 −ω sinΦ0

(Dϕ+Dθ)2 +ω2
Rθ,0Rϕ,0 ,

M1,33 =−3c2θ
Dθ

Rθ,0Rθ,1 − 2ςcθRϕ,0 sinΦ0 − ςεcθρ0
(Dϕ+Dθ) sinΦ0 +ω cosΦ0

(Dϕ+Dθ)2 +ω2
Rϕ,0 .

(38)

The eigenvalues χ of M=M0 + νM1 can be written perturbatively as [57, 58]

χα = χ0,α+ ν
(y∗ ·M1 · x)α

y∗ · x
+ o(ν) , (39)
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where χ0 are the eigenvalues of M0, (y,x) respectively denote the right and left eigenvectors of M0, and
y∗ is the conjugate transpose of y.

Based on the eigenvalues of the stability matrix (equation (39)), we deduce the phase diagram out-
lining the stability regions of the homogeneous stationary solutions in both the squeezing ((ς =−1)
and stretching (ς = 1) deformation models. We define counter-clockwise (clockwise) cycling by ⟨Φ̇⟩> 0
(⟨Φ̇⟩< 0), corresponding respectively to positive and negative hydrodynamic phase current. We find that
both models exhibit (i) two cycling states (clockwise and counterclockwise), (ii) a disordered state, and
(iii) an arrested state (figures 4(a) and (b)). We observe that nematic order emerges at a smaller density
for squeezing than for stretching deformation model, showing that our perturbative treatment in ν effec-
tively captures the key distinction between these models. Overall, the features of the hydrodynamic phase
diagram are in qualitative agreement with the particle-based results (figure 2), except for the clockwise
cycling that has no counterpart in the microscopic model, and that was also reported in the hydrody-
namics of isotropic pulsating particles [33].

In the presence of noise, the hydrodynamics leads to the emergence of dynamical patterns
9 figures 4(c)–(f)) in a regime of parameters between the cycling and arrested states. These patterns
take the form of propagating waves associated with defects in the profile of the synchronisation field
fϕ = Rϕ eiΦ without any noticeable difference between the stretching and squeezing deformation mod-
els. Such a phenomenology is in qualitative agreement with the particle-based simulations (figure 3), and
also similar to the patterns in the hydrodynamics of isotropic pulsating particles [33]. In particular, pat-
terns appear at hydrodynamic level despite neglecting any correlation between the synchronisation and
density fields, since we assume ρ to be constant.

4. Discussion

We have investigated the impact of anisotropy on the collective dynamics of active pulsating ellipses.
Considering two types of anisotropy, either squeezing or stretching, we report collective states analogous
to the case of isotropic pulsating particles [33, 35], including circular and spiral waves. In the squeezing
case, where particles are elliptical at minimum size, nematic order emerges at high densities, in contrast
with the isotropic and stretching cases. We have rationalized our numerical results of molecular dynam-
ics through a hydrodynamic description that we obtain by coarse-graining of the microscopic equations.
The corresponding hydrodynamic equations extend the ones derived in [33, 36, 37], by now taking into
account the interplay between phase synchronisation and nematic order.

Overall, our results contribute to a better understanding of how shape anisotropy affects the col-
lective dynamics in pulsating active systems. Our findings could be particularly relevant for modeling
biological tissues where cells often exhibit both area and shape changes, as seen in systems like cardiac
tissue and epithelial layers [16–18, 47]. Future works, either experimental or theoretical, could analyze
more quantitatively the role of the individual deformation parameter λ (equations (4) and (5)) in con-
trolling defect formation, for instance to prevent the formation of spiral waves in cardiac tissues. A pos-
sible direction for future work is to vary independently the translational, rotational, and phase diffusiv-
ities and mobilities, in order to determine how the ratios Dr/µr, Dθ/µθ, and Dϕ/µϕ modify the bal-
ance between fluctuations, mechanical relaxation, synchronisation, and drive. An interesting extension
would be to consider area-preserving deformations, in which the particle aspect ratio varies while its area
remains constant. In this case, the direct coupling between phase and packing fraction would vanish,
while phase-dependent excluded-volume interactions could still couple pulsation to density and nematic
order. Such a protocol could therefore help disentangle the respective roles of area and shape variations
in the collective dynamics.
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Appendix. Hydrodynamic noise

In this appendix, we compute the statistics of the noise terms Λ10 and Λ01 (equation (22)), defined as

Λ1,0 = i
N∑
j=1

eiϕj
√

2Dϕ ηϕ,jδ(r− rj) , Λ0,1 = i2
N∑
j=1

ei2θj
√
2Dθ ηθ,jδ(r− rj) . (A.1)

Assumming the scaling ∂r ∼ ζ , where ζ ≪ 1, we have neglected the contribution from the conserved
noise in the expression of (Λ1,0,Λ0,1) (equation (22)). Since ηϕ,j and ηθ,j are Gaussian noises, Λ01 and
Λ10 are also Gaussian too, and their correlations read〈

Λ1,0(r, t)Λ
∗
1,0(r

′, t ′)
〉
= 2Dϕ f0,0(r, t)δ(r− r ′)δ(t− t ′) ,

⟨Λ1,0(r, t)Λ1,0(r
′, t ′)⟩=−2Dϕ f2,0(r, t)δ(r− r ′)δ(t− t ′) ,〈

Λ0,1(r, t)Λ
∗
0,1(r

′, t ′)
〉
= 8Dθf0,0(r, t)δ(r− r ′)δ(t− t ′) ,

⟨Λ0,1(r, t)Λ0,1(r
′, t ′)⟩=−8Dθf0,2(r, t)δ(r− r ′)δ(t− t ′) .

(A.2)

The second-order modes f2,0 and f0,2 are of higher order in ζ compared with f00, so that we subsequently
neglect them. Therefore, the real and imaginary parts are independent for both Λ10 and Λ01 a to leading
order. Finally, we can write

Λ1,0 =
√

2ρ0Dϕηϕ , Λ0,1 =
√

8ρ0Dθηθ , (A.3)

where (ηϕ,ηθ) are some uncorrellated Gaussian white noises with zero mean and correlations given by

⟨ηϕ(r, t)η∗ϕ(r ′, t ′)⟩= ⟨ηθ(r, t)η∗θ(r ′, t ′)⟩= δ(r− r ′)δ(t− t ′) , (A.4)

where we have used that f00 relaxes to the homogeneous profile ρ0.
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